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DIGITAL SIGNAL PROCESSING UNIT-1

> A signal is defined as any physical quantity that varies with time, space or a
independent variable.

» A system is defined as a physidevice that performs an operation csignal.

» System is characterized by the type of operation that perfcrms on the signa
operations are referred to as si¢ processing.

Advantages of DSP

1. A digital programmable system allows flexibility in reccguring the » digita
signal processing operations by changing the program. In analog redesign of harc
required.

2. In digital accuracy depends on word length,floating Vs fixed point arithmetic
In analog depends @omponent:

3. Can be stored on disk.

4. It is very difficult to periorm precise mathematical operations on signals in a
form but these operations can be routinely implemented on a digital computer
software.

5. Cheaper to implement.

6. Small size.

7. Several filters.need several board«analog, whereas in digital same D
processor is used for mafilgers.

Disadvantages of DSP

1..When analog signal ishangin( very fast, it is difficult toconver digital form
.(beyond 100KHz range)

2. w=1/2 Sampling rate.

3. Finite word lengtiproblems

4. Whenthe signal is weak, within a few tenths of millivolts, we cannot amplify
signal after it is digitized.

5. DSP hardware is more expensive than general purpose mcroprocessors ¢

controllers.



6.

Dedicated DSP can detter than general purp«DSP.

Applications of DSP

1.

Filtering.

2. Speech synthesis in which white noise (all frequency components presen

same level) is filtered on a selective frequency basis in order to get ar signal.

3.

N oo g A

8.

Speech compression aaxpansion for use in radio vocommunicatior

Speech recognition.

Signal analysis.

Image processing: filtering, edge effe enhancement.

PCM used in telephomommunicatior

High speed MODEM data communication using pulse modulation systems s

FSK, QAM etc. MODEM transmits high speed (1:-19200 bits per second) over

band limited (34 KHz) analog telephone wiline.

9.

Wave form generation.

Classification of Signals

I A

Based on Variables:
f(t)=5t : singlevariable
f(x,y)=2x+3y : twevariables
S= A Sin(wt) : real value signal
S = A@™ A Cos(wt)+j A Sin(wt) : Complex valuesigna

|f81(t) —|| . ,
S4(t):| Sz(t)| : Multichanne signal

| s3(t) ]

Ex: due to earth quake, ground acceleration rec

6.

(%, y, t
I(x,y,t)=|| Irg(z(x,yy, %)] multidimensional
L1b(x,y,1) |
Based on Representation:



[11. Based on duration.

right sided: x(n)=0 fc n<N
left sided :x(n)=0 fc n>N
causal : x(n)=0 fon<0

Anti causal x(n)=0 forn=0

a k 0N PR

Non causal : x(n)=0 fon>N
V. Based on the Shape.

1. Jo(n)=0 0
=1 n=0

Arbitrary sequence can be represented as a sum of scaled, delayed i



P (n)=a&d(n+3) +ad(u-1) +ad(u-2) +as(u-7)
Or

00

X(N) = 3 x®dn-K

K =—c0

un) = Y k) = 5(n) +3(n-1)+ 5 (n-2).....

k=—0c0

:2 5(n—k)

3.Discrete pulse signals.
Rect (n/2N) =1 n <N
=0 else where.

5.Tri (n/N) =1-n/N n <N

=0 else where.
1. Sinc (n/N)= Sa(n/N) = Sin(m/N) / (n3/N), Sinc(0)=1
Sinc (n/N) =0 atn=kN, k=1, +2...
Sinc (n) =o(n) for N=1; (Sin (im) /'nr=1= a(n))
6.Exponential Sequence
x(n)=Aag"
If A& aare real numbers, then the sequence is real.dk@<and A is +ve, then

sequence values are +ve and decreases with increasing n.

For -1<a <0, the sequence values alternate in sign but again decreases in magnitude

with increasing n. Ifa >1, then the sequences grows in magnitude as n increases.

7.Sinusoidal Sequence

x(n)= A Cos(wn+g) foralln

8.Complex exponential sequence



If a=|a|e"™
A= ne?
x(n) = A/ € ¥ gpeien
= [Ala " Cos(wn+g) +j|A la|"
Sin(wen+g)
If a>1, the sequence oscillates with exponentially grovenvelope
If o<1, the sequence oscillates with exponentially decreasing eny
So when discussing complex exponential signals of the form x(n)*" or real
sinusoidal signals of the form x(n)= A Coxn+¢) , we need only consider frequenc

in afrequency internal of length[] such ag] < Wo <[] or 0< Wo<2J].

V. Deterministic (x (t) = a' x () = A Sin(wt))
& Non-deter ministic Signals. (Ex: Thermal noise.)

VI. Periodic & non periodic based on repetition.
VII. Power & Energy Signals

Energy signal: E finite, P=(

» Signal with finite energy is called ene signal.

Power signal: E », P20, Pz « Ex: All periodicwaveforms
Neither energy norpowerE=w, P=0 J
Based on Symmetry
Even X(n)=xe(N)+Xo(N)
Odd X(-n)=Xe(-N)+Xo(-N)
Hidden X(-n)=Xe(N)-Xo(N)
1
4. Half-wavesymmetry Xe(N)= ) [X(n)+x(-n)]



Xo(N)= ;[x(m-x(-n)]

Operation on Signals:

1. Shifting.
x(n) - shift right or delay = x(-m)
x(n) - shift left or advance = x(n+1

2. Timereversal or fold.

X(-n+2) is x(+) delayed by two sample
X(-n-2) is x(n) advanced by two sampl
Or

x(n) is right shift x(n2), then fold x-n-2)
x(n) fold x(-n) shift left x({n+2)) = xi-n-2)
EX:

x(n)=2,34,5,6,7.

Find 1.y(n)=x(n-3) 2.x(n+2) 3. x(-n) 4.x(-n+1) 5.x(-n-2)
1. y(n)=x(n-3) = {0,2,3,4,5,6,7} shift xn) right 3 units.



2. x(n+2) ={2,3,4,5%,7} shift x(n) left 2 units.

3. x(-n) ={7,6,54,3,2} fold x(n) about n=(
4. x(-n+1) ={7,65,4,3,2] fold x(n), delay by 1.
5. x(-n2) ={7,6,5,4,3,2} fold x(n)advanced by 2.

3. a. Decimation.

Suppose x(n) corresponds to an analog signal x(t) sampled at intervals Ts. Th
y(n) = x(2n) then corresponds to the compressed signal x(2t) sampled at Ts and
only alternate samples of x(n)( correspondinx(0), x(2), x(4)...). We.can also obte

directly from x(t) (not in compressed version). If we sample it at intervals 2Ts (

sampling rate Fs :21T ). This means a two fold reduction in the samy rate.
S

Decimation by a factor N is equivalent to sampling x(t) at.intervals NTs and impl
N-fold reduction in the sampling ra

b. Interpolation.

y(n) = x(n/2) corresponds to x(t).sampled at Ts/2 and has twice the length
with one new sample between adjacent samplx(n).

The new sample value as ‘0’ for Zero interpola

The new sample constant = previous value for step interpol

The new sample average of adjacent samples for interpolation

Interpolationdy a factor of N is equivalent to sampling x(t) at intervals Ts/N

implies an Nfold increase in both the sampling rate and the signal l¢

EX: Decimation Step interpolation
{15 21 6l41 8} -—> {11618} > {11116165858}
T n— 2n T n —n/2 T
Step interpolation Decimation
{1,2,6,4,8} — {1,1,2,2,66,4,4,8,8} — {1,2,64,8}
T n —n/2 T n— 2n T

Since Decimation is indeed the inverse of interpolation, but the converse
necessarily true. First Interpolation & Decimat
Ex:  x(n)={11,2,5,-1}



x(n/3)={1,0,0,22,0,0,5,0,(-1,0,0} Zero interpolation.

={1,1,1,2,2,2,5,5,5,-11,-1} Step interpolation.

={ l,f', 5_ 2,3,45,314%,- 2_ E} Linear interpolation.
3 3¢ 3 3
4. Fractional Delays.
It requires interpolation (N), shift (M) and Decimation (n): >- 'Vl) =y ((Nn - M ))
N N
2n-1

2
g(n) =x (n/2) ={2, 2, 4, 46, 6, 8,8} for step interpolation.

x(n) = {2, 4,6, 8}, find y(n)=x(r-0.5) = x (*" *)

h(n) =g(n-1) = x("j) ={2,2,4 4.6, 688

y(n) = h(2n) = x(n-0.5) =x(2”2‘1) {2, 4,68

OR

g(n) = x(n/2) = {2,3,4,56,7,8,4} linear interpolation.

h(n) = g(n-1) ={2,3,45, 6, 7,84

g (n) =h(2n)={3,5,7,4}
Classification of Systems
1. a Static systemsar memory less system. (Non Linear / Stable)
Ex. y(n) = a x(n)
=nx(n) + b X(n)
=xm)]* =a(-1) x(n
y(n) =L [x(n), ni
If its o/p at every value of ‘n’ depends only on the input x(n) at the same value
Do not include delay elements. Similarly to combinational cirt
b. Dynamic systems or memory.
If its o/p atevery value of ‘n’ depends on the o/p til-1) and i/p at the same value
‘n’ or previous value of ‘n’.
Ex. y(n) = x(n) + 3 x(n-1)



=2 x(n) - 10 x(n2) + 15 y(r-1)
Similar to sequential circuit.
2. ldeal delay system. (Stable, linear, memory lessif nd=0)
Ex. y (n) = x(n-nd)
nd is fixed = +ve integer.

3. Moving average system. (LTIV ,Stable)

m2

y(n) =1/ (m+mp+1) D x(n-K)

k=-ml
This system computes th€ sample of the o/p sequence as the averagei+my+1)

samples of inpusequence around th" sample.

(K

If M1=0; M2=5

y(7) = 1/6 [;()x(7 -k ]
= 1/6 [x(7) £ x(6) + x(5) + x(4) + x(3) + x(z
y(8) =1/6 [x(8) + x(7) + x(6) + x(5) + x(4) + x(:
So to compute y (8), both dotted lines would move one sito right

4. Accumulator. (Linear ,Unstable)

n

y(n) =2 x®

K =—o0

= ni x(k) + x(n)

=y(n-1) + x(n)



x(n) ={...0,3,2,1,0,1,2,3,0,...

y(n) ={...0,3,5,6,6,7,9,12,12..

Olp at the i sample depends on the i/p’s ti" sample
EX:

x(n) = n u(n) ; given y)=0. i.e. initially relaxec

-1 n

y(n) = D x(K+ X x(k)

k=-c0 k=0

=y(-1)+X x®=0+3 _ n(n+1)
k=0 2

k=0

5. Linear Systems.
If y1(n) & y2(n) are the responses of a system wti(n) & Xz(n) are the respecti

inputs, then the system is linear if and on

XA )+ x2(n)] = 7x1(n)] + 7(x2(n)]

= yi(n) + y»(n) (Additive property)

fax(n)] =arx(n)] = ay(n) (Scaling or Homogeneity)

The two properties can be combined into principle of superposition st

flax1(n)+ bx2(n)] = a7ix1(n)] + b 7{x2(n)]

Otherwise non linear syste

6. Timeinvariant system.

Is one for which.a time shift or delay input sequence causes a corresponding
in the o/p sequence.

y(n-k) = fqx(n-K] | TIV

# TV

7. Causality.
A system is causal if for every choice (the o/p sequence value at index 1,

depends only on the input sequence values < n,
y(n) = x(n) + x(n-1) causal.
y(n) = x(n) + x(n+2) + x(M4) non cause

8. Stability.

10



For every bounded inpuk(n) < Bx < « for all n, there exists a fixed +ve finite va

By such thaty(n)| < By< ..
PROPERTIESOF LTI SYSTEM.

1. x(n) = ix(k)é'(n -K)
y(n) =r7] i x(Ko(n-K ] for lineai

i x(k) T[J(n-K)] for time invarian
K =—c0

ix(k)h(n ~k) = x(n)+ h(n)

Therefore o/p of any LTI system is convolution ofd/p and impulse resj

y(No) = k;p(k)x(no— K

= ) _h(k)x(no — k) + > h(k)x(no - k)

k=—c0

= h(-1) x(nt1) + h€2) x(pt2)...... .... +h(0) x(n) + h(1) x(ro-1) + ....
y(n) is causal sequenceh(n) =0 n<0
y(n) is anti causal sequence if h(n)n= 0

y(n) is non causal.sequence if h(n) =0 |r

Therefore causal system y(n> h(kx(n - k)
k=0

If i/p is also causal y(n) > h(k)x(n - k)
k=0

2. Convelution operation is commutati\

x(n) ~h(n) ="h(n)- x(n)

3. Convolution operation is distributive oradditive.
X(n) - [ha(n) + h(n)] = x(n) - hs(n) + x(n)~ hz(n)

4. Convolution property is associatiy

x(n) - a(n) - ha(n) = [x(n) - ha(n)] - ha(n)

11



x(n)
hl(n)

h2{n)

5 y(n)=h*w(n) = h2(n)*h1(n)*x(n) =h3(n)*x(n)

h (n) = h(n) + (n)

7 LTI systems are stable.if and only if impulse responabsolutel summable.

w ()

YO = | Shioxn ) = 3 hK) X0k

Since x (n) 1s boundeei(n) < by<w

[

0 pmfs B, S [h)

K =—o0

0 S:i (k)| IS necessary & sufficient condition for stabil
K==

8 9(n)-x(n) = x(n)

9 Convolution yields the zero state response of arsystem.

¥ (n)

10 The response of LTdystem tcperiodic signals is also periodic with identi

period.
y(n) = h (n)-x(n)

12



= ih(k)x(n ~K)

y (n+N) = ih(k)x(n ~k+N)

put n-k =m

= ih(n -m)x(m+ N)

= ih(n = m)x(m)

m=Kk
= ih(n—k)x(k) = y(n) (Ans;

Q. Yy (n)-0.4 y(n1) =x (n). Find causal impulse response?h(n)=0 1

h(n) = 0.4 h(n-1) ®W(n)

h(0) = 0.4 h(-1) ©5(0) =1

h(1) =0.4 h(0) =0.4

h(2) = 0.4

h(n) = 0.4 for n=0

Q.y(n)-0.4 y(nd) = x(n)<find the an-causal impulse response? h(n)=0n=0
h(n-1) = 2.5 [h(n)J(n)]
h(-1) = 2.5 J[h(0)-5(0)] = -2.5
h(-2) =-2.5. ... h(n) =-2.5" valid for n< -1

Q. x(n)={1,2,3} y(n)={3,4} Obtain difference equation from i/p & o/p informati

y(n) + 2y(n-1) + 3 y(r2) = 3 x(n) + 4 x(-1) (Ans)
Q. x(n) = {4,4.}, y(n)= x(n)-0.5x(n4). Find the difference equaion of the inve

system. Sketch the realization of each system and find thet of each syster

Solution:

The original system is y(nj=x(-0.5 x(n-1)
The inverse system is x(n'= y-0.5 y(n-1)
y (n) =x (n) — 0.5 x(n-1)

Y (2) = X (2) [1-0.5Z']

13



Y@ -1052 System
X (2

Inverse System
y (n) —0.5y(n-1) =x(n)
Y (2) [1-0.5Z1 =X (2)

Y (2
X

g(n)=495(n) - 25(n-1) +H(n-1) - 2(n-2) = b (n) + 25(n-1) - 20(n-2)
y (n) =0.5y(n-1) + 4(n) +26(n-1) — 2(n-2)

y (0) =0.5y(-1) + 4(0) = 4

y1)=4

y(2)=05y(1)-2(0)=0

y(n) ={4, 4} same as i/p.

=[1-05Z7*

Non Recursive filters Recursive filters

0 N N
y(n) = kZ aX(n-k) y(n) =kZ akx(n-k)—; bk y(n-k)
for causal system Present response is a function of

= z acx(n-k) present and past N values of
o~ excitation as well as the past N vall

For causal i/p sequence of response. It gives IIR o/p but|

14




Y =3 ax(n-k

Present response depends only on pre
i/p & previous i/ps but not future i/ps. It giv
FIR o/p.

always.
y(n) —y(nd) = x(n)—x(n-3)

}[x (n+1) + x (n) -x (n-1)] Find the given system is stable not?

3
Q. y(n) =
Let x(n) =d(n)

h(n) = - [& (n+1) +& (n) + & (n-1)]
3

_1
h0) =
_ 1
h(-1)=
_1
h(1) =

S=)h(n) < = thereforeStable

Q. y(n) =ay(n-1) + x(n)given y-1) =0
Letx(n) =d(n)
h(n) =y(n) = a y(n-1) ©(n)
h(0) = a y(-1) +5(0) = 1 = y(0)
h(1) =ay(0) +6(1) = a

h(2) =ayl) +o()=&....... h(n) d'u(n) stable if a<1.

y(n-1) = : [ y(n) — x(n)]

y(n) = :[ y(n+1) —x(n+1)]

15




y(-1) = g[ ¥(0) — x(0)]=0

y(-2)=0
Q.y(n) = nil y(n-1) + x(n) forn=0

=0 otherwise. Find whether given syster time varianbr not?
Let x(n) =a(n)
h(©)=1y(-1) ©(0)=1
h(1) = % y(0) +6(1) = ¥
h(2) = 1/6
h(3) = 1/24

if x(n) = d(n-1)

y(n) = h(n-1)

h(n-1) = y(n) =n]; ,hn2) +5(n-1)

n=0 h(-1) = y(OF 1 x 0+(=0
n=1 h(0)=y(1) =% x0-0(0)=1
n=2 h(1) =y(2) =1/3x4 +0.1/3
h(2) = 1/12
Oh (n, 0)zh(n,1)" BTV
Q.y (n)=2nx(n) Timearying
Q.y (n) =% [x (n+1) + x (n) + x (-1)] Linear

Q.y ()= 12 x () + 11 x(1-2) TIV
Q.y (n) =7%(n-1) non linea

Q. y (n) =%(n) non linear

Q. y (n)= rix (n+2) linear

Q. y (n) = x () linear

Q.y (n) = & non linear

Q.y (n) = 2™ x (n) non linear, T\

16



(If the roots ofcharacteristics equation are a magnitude less than unity.

necessary & sufficient conditic

Non recursive system, or FIR filter are always st
Q. vy (n) + 2 y(n) = 2 x(n) x(n-1) non linear, TIV
Q.y(n) -2y (n-1) =3 x (n) non linea TIV
Q.y(n)+4y(n)y(2n) =x (n) non linear, T
Q.y (n+l) -y (n) = x (n+1) is caus
Q.y (n) -2y (n2) =x (n) caus:
Q.y (n) -2y (n2) =x (n+1) non caus
Q. y (n+1) -y (n) = x (n+2) non caus
Q. y (n-2) = 3 x (n?) is static or Instanneous.
Q. y (n) =3 x (n-2) dynam
Q.y (n+4) + y (n+3) = x (n+2) causal & dynan
Q.y(n)=2x¢m)
If =1 causal, static
a <1 causal, dynamic
a>1 non causal, dynan
azlTV
Q. y (n) = 2(n+1) x(n)is-causal & static but
Q.y(n)=x(-n) TV
Solution of linear constant-co-efficient difference equation
Q. y(n)-3y (n-1) — 4 y(r2) = 0 determine ze-input response of the syste
Given y(-2) =0 & y(1) =£
Let solution to the homogeneous equatiol
Yn(n) =A"
A" 32" 4 272=0
A" A%-34-4]=0
A=-1,4
Yo (N)=CGA"+ GAS = C(-1)"+ G 4"
y(0) = 3y(-1) +4 y(-2) =15

17



0 Ci+ C,=15
y(1)=3y () +4y(-1) =65
0 -C+4C,=65 Solve C;=-1& C,=16
y(n) = (-1]*+ 4™ (Ans)
If it contain multiple rootsyn) = G A"+ C;nA1" + Can® A 7"
or A{"[Ci+ NG + N*Cs....]
Q. Determine the particular solution of y(n) 1y(n-1) =x(n)
x(n) = u(n)
Let yp(n) = K u(n)
k u(n) +a k u(n-1) =u(n)
To determine the value of k, we must evaluate this.equation for=1
k+a k=1
k= 1
l1+al

_ 1

x(n) yp(n)

1.A K

2.Am" Km"

3.An" Kon™+ Kin™+ ... Kn
4. A Coswn or ASinwn K1 Coswn + Kz Sinwgn

Q. y(n)=Zy(n-1)-;y(n-2)+x(n> x(N) =2 n=0

Let y, (n) = K2'

K2"u(h) =2K 2" u(n-1) - 1K 272 u(n-2) + 2u(n)
6 6

Forn >2

Ak = °(2K) - 1K +4  Solve fo K=8/5
6 6

8 on
O ¥ (n)_52 Ans

Q. y(n) —3y(n-1) - 4 y(r&) = x(n) + 2x(1-1) Find the h(n) for recursive syste

18



We know that y(n) = G (-1)"+ C,4"
Yp (n) =0 when x(n) =o(n)

for n=0
¥(0) - 3y(-1) - 4 y(-2) =5(0) + 25(-1)
Oy(0) =1
y(1)=3y(0)+2=5
CL+G=1
C1+C,=5 SolingG=-1:C,=°

5 5
0hn) = [~ ay+ 04" u(n) Ane

5 5
OR

h(n) — 3 h(n-1) -4 h(n-2) 3(n) + z5(n-1)

h(0) =1
h(1) =3h(0) +2=5
plot for h(n) in both the methods are s¢
Q. y(n) — 0.5 y(nt) =5 cos 0.5 n= 0 with.y(-1) = 4
yn(n) ="
A"—0.52"'=0
A" 1-0.5]=0
A1=0.5
0 yn(n) = C (0.5]
Yp(N) =Ky cos 0.5M+ Kz sin 0.51]
Yo(N-1) = Kacos 0.5(n-1]7 + Kzsin 0.5(n-1)]

== Ky sin 0.5 - Kxcos 0.51[7
Yo(N)- 0.5 y(n-1) =5 cos 0.57]

= (K1+ 0.5 K) cos 0.5 7-(0.5 K — Ky) sin 0.5

Ki+05K =5
0.5 K; —K,=0 Solving we get: h=4 & K,=2
0 ye(n) =4 cos 0.5 + 2 sin 0.5/

19



The final response

y (n) = C (0.5)+ 4 cos 0.5 1 + 2 sin 0.5

with y(-1) =4
4=2C-2
C=3

0y (n)=3(0.5)+ 4 cos 0..n[] + 2 sin 0.5 for n=0

Concept of frequency in continuous-time and discrete-time.

1) xa(t) =ACos Qt)
X (nTs) = ACosQnTs)
= A Cos (wn)
wW=QTs

Q=rad/sec w = rad< Sample

F =cycles/sec f=cycles Sample

2) A Discrete- time -sinusoidis periodic only of its f is a Rationnumber.

X (n+N) = x (n)
Cos 21fy (n+N) = Cos Zrfon

27fN = 27K => o= <
N

Ex: A Cos (E) n
6

W = E=2ﬂf
6
1

12

f= N=12 Samples/Cycl;

Sampling Period
Q. Cos (0.5n) is not periodic

Fs= Samplindrrequency Ts =

20



Q.x(n)=5Sin (2n]?

2mf=2 =>f= Non-periodic
M
Q. x (n) =5 Cos (@Gn)
2nf=6mr =>f=3 N=1 for K=3 Periodic

_ 6ln
Q. x (n) =5 Cos 35

6l 3
2nf= O ==

35 35
Q. x (n) = Sin (0.0%&n)

for N=35 & K=3 Periodic

27f=0.017 =>f= Of] for N=200 & K=1  Périodit
Q. x (n) = Cos (an) for N=2 Periodic
fo=GCD(f,f2) & T=LCM (Ty, Tp) ------- For.Analog/digitakigna

[Complex exponential and sinusoidal sequences are not necessarily period
with period @n) and depending on Wo, may not be periodic a
(0]

N = fundamental period of a;periodic Sinusol
3. The highest rate of oscillationsin a discrete time sinusoid is obtained when

W=rmor -m
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Discretetime sinusoidal signals with frequencies that are separated by an i
multiple of 27 are Identical.

4. - Fs

Fs
sts 5

- 7TFs< 2mF < ks

P P

Ts Ts

-IT< QTs<sT
Therefore -m<w< 7T

5. Increasing the frequency of a discrete- time sinusoid does not necessarily
decreasethe period of thesignal.

xi(n) = Cos ('n) N=8
4
xo(n) = Cos O™ N=16 3/8 > 1/4
8
2 mf=3mr/8
= f= 3
16

6. If analog signal frequency = = Tl samples/Sec = Hz then digital frequency 1
S

w=Q T,
2at=2mF T = f=1

2nF =4 2rf =4

22



F:];;T:S; f=1 N=8
8 8

7. Discrete-time sinusoids ar e always periodic in frequency.

Q. The signal x (t) = 2 Cos (4rt) + Sin (607t) is sampled at 75Hz. What is t
common period of the sampled signal x (n), and how many full periods of x (t) «
take to obtain one period of X(i

F1=20Hz kR =30Hz

fi= 20_ 4 _K1 f,= 30_2_K2

7515 N1 757 5 N2
The common period Is thus N=LCM ;, N2) = LCM (15, 5) = 1¢
The fundamental frequency, of x (t) is GCD (20, 30) = 10Hz

And fundamental period T =L 0.1s

Fo
Since N=15
1
lsample --------- _ sec
75
15
15 sample ----------- 2 =>_=025
75

23



0So it takes two full periods of x (t) to obtain one period of x (n) or GCDKK =
GCD (4,2)=2
Frequency Domain Representation of discrete-time signals and systems
For LTI systems we know that a representation of the input sequence as a. weighted
sum of delayed impulses leads to a representation of the output as a weighted sum of
delayed responses.
Let x (n) = &
y (n) =h (n)-x (n)

- ;_D(k)x(n -K) = Z&h(k) v ()
= dwn ih(k) glwk

Let H (&) = Zh(k) e is the frequency domain representation of the system.

=—00

Oy (n)=H (&) " |
éW
" = eigen function of the system.
H ") =
eigen value
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UNIT 2

DISCRETE FOURIER TRANSFORMS (DFT)

1.1  Introduction:

Before we introduce the DFT we consider the sampling of the Fourier transform of an
aperiodic discrete-time sequence. Thus we establish the relation between the sampled Fourier
transform and the DFT.A discrete time system may be described by the convolution sum, the
Fourier representation and the z transform as seen in the previous chapter. If'the signal is
periodic in the time domain DTFS representation can be used, in the/frequency domain the
spectrum is discrete and periodic. If the signal is non-periodic or of finite duration the
frequency domain representation is periodic and continuous this is not convenient to
implement on the computer. Exploiting the periodicity property of DTFS representation the
finite duration sequence can also be represented in the frequency domain, which is referred to
as Discrete Fourier Transform DFT.

DFT is an important mathematical tool which can be used for the software
implementation of certain digital signal processing algorithms .DFT gives a method to
transform a given sequence to frequency domain.and to represent the spectrum of the sequence
using only k frequency values, where k is an integer that takes N values, K=0, 1, 2,.....N-1.
The advantages of DFT are:

1. Itis computationally convenient.
2. The DFT of a finite length sequence makes the frequency domain analysis much

simpler than continuous Fourier transform technique.

1.2 FREQUENCY DOMAIN SAMPLING AND RECONSTRUCTION OF DISCRETE
TIME SIGNALS:

Consider.an aperiodic discrete time signal x (n) with Fourier transform, an aperiodic finite

energy signal has continuous spectra. For an aperiodic signal x[n] the spectrum is:
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Suppose we sample X[w] periodically in frequency at a sampling of éw radians between
successive samples. We know that DTFT is periodic with 2, therefore only samples in the

fundamental frequency range will be necessary. For convenience we take N equidistant
: : , . 2
samples in the interval (0O<=w<2m ). The spacing between samples will be 6w = N—ﬂ as shown

below in Fig.1.1.
X[w]

A

ol

Fig 1.1 Frequency Domain Sampling

v

Let us first consider selection of N, or the number of samples in the frequency domain.

If we evaluate equation (1) atw = %

X|r2_”k1|= >x[n]e” " K=0,12, s (N =1) i, (1.2)
LN

We can divide the summation in (1) into infinite number of summations where each sum
contains N.terms.

[ 27k ] -1 ‘ N -1 _ 2N -1 ‘
N g +2x[nle TIERVN LD [nle TIEFVN L Dx[n]e  IFH0N
N n=—N n=0 n=N

oo IN+N-1

:IZ: Zx[n]e—j 27kn /N

=—o0 n=IN
If we then change the index in the summation from n to n-I N and interchange the order of

summations we get:
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(%—LNZ_I[ § ‘—Ie—jZ;zknlN

for k=0,1,2,...., (N =1) ....... (1.3)
L N ] asoli-s ]

Denote the quantity inside the bracket as xp[n]. This is the signal that is a repeating version of
x[n] every N samples. Since it is a periodic signal it can be represented by the Fourier series.

N-1

X [n]= kZ;)ck g 2N n=012..., (N-1)
With FS coefficients:
o = 1 N_lx nje
WZ 3 ] k=012, (N -1) . (1.4)
n=0

Comparing the expressions in equations (1.4)@and. (1.3) we conclude the following:

2 N T R (15)
]

N LN

Therefore it is possible to write the expression xp[n] as below:

% [n]=— ZXID—” Lz N=01, (N =1).......... (1.6)
Nio LN J

The above formula shows the reconstruction of the periodic signal xp[n] from the samples of

the spectrum X[w]. But it does not say if X[w] or x[n] can be recovered from the samples.

Let us have a look at that:

Since xp[n] is the periodic extension of x[n] it is clear that x[n] can be recovered from xp[n] if
there is no aliasing in the time domain. That is if X[n] is time-limited to less than the period N
of xp[Nn].This is depicted in Fig. 1.2 below:
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x[n]

v

1. n

e ITT,,,,,[TTT,_,_, |
i I:Ti:sing
)¢ UTT

Fig. 1.2 Signal Reconstruction

Hence we conclude:
The spectrum of an aperiodic discrete-time signal with finite duration L can be exactly

27K
recovered from its samples at frequencies wk = N ifN>=L.

We compute xp[n] for n=0, 1,....., N-1 using equation (1.6)
Then X[w] can be computed using equation (1.1).

1.3 Discrete Fourier Transform:

The DTFT representation for a finite duration sequence is
00 -jon
X(jo)=Yx(m)e
n= -oo
jon
X (n)=12n JX (jo) edo, Where o= _2nk/n

R — ————————————————————————————————————————————————————————————————————————————————————————————
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2n
Where x(n) is a finite duration sequence, X(jo) is periodic with period 2m.It is

convenient sample X(jo) with a sampling frequency equal an integer multiple of its period =m
that is taking N uniformly spaced samples between 0 and 2.
Let ok= 2ntk/n, 0<k<N-1
00 -j2mkn/N
Therefore X(jo) =) x(n) €
n=—oo
Since X(jw) is sampled for one period and there are N samples X(j®) can be expressed
as
N-1 -j2kn/N
X(k) = X(jo) | o2san =Y x(n) € 0<k<N-1
n=0

1.4 Matrix relation of DFT
The DFT expression can be expressed as
[X] = [x(n)] [WN]

Where [X] = [X(0), X(1),........ ]

[x] is the transpose of the input sequence. WN is a N x N matrix

WN=1 1 11 . 1
1 wnlwn2 wn3d................. wn n-1
1 wn2 wn4d wné............... wn2(n-1)
L wN (N-1)(N-1)
ex;

4 pt DFT of the sequence  0,1,2,3

X(0) 1 1 1 1
X(1) 1 j -1 J
X(2) = 1 -1 1 1
X(3) 1 ] -1 i

Solving the matrix X(K) =6, -2+2j, -2, -2-2j

1.5 Relationship of Fourier Transforms with other transforms

Page 10



Digital Signal Processing

1.5.1 Relationship of Fourier transform with continuous time signal:

Suppose that Xa(t) is a continuous-time periodic signal with fundamental period Tp= 1/Fo.The

signal can be expressed in Fourier series as
o
Z 2
I()(I)= C‘e)¢ff‘ru
g

Where {ck} are the Fourier coefficients. If we sample Xa(t) at a uniform rate Fs = N/Tp = 1/T,

we obtain discrete time sequence

_ o e
x(n) =x,(nT) = Z cpef kT Z C‘k(”"""'/ﬂ
k=—- k=—0C
N-I| o
- Z Z ) pa2mknfN
k=0 | J=~m
o
X(k)=N"Y qn = N
==

Thus {cx'} is the aliasing version of {ck}
1.5.2 Relationship of Fourier transform with z-transform

Let us consider a sequence x(n) having the z-transform

oC

X(z2) = Z x(n)z™"

N —-00

With ROC that includes unit circle. If X(z) is sampled at the N equally spaced points on the

j2ak/N
unit circle Zk = e for K=0,1,2,........... N-1 we obtain
X (KN X (2)|cmprtrmry  k=0.1,... N =1
oC
- E:x(n)e—)lnnklh'
-0

The above expression is identical to Fourier transform X(w) evaluated at N equally spaced

frequencies wk = 2nk/N for K=0,1,2,........... N-1.
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If the sequence x(n) has a finite duration of length N or less. The sequence can be recovered
from its N-point DFT. Consequently X(z) can be expressed as a function of DFT as

Nl
X2) =) x(n)z™
n={)

) N =0
N1 N=]

1 <
X@ =5 g X (k) ; (e741¥ 2-1)

N-1Tq Nt .
X@=3 [- % X(k)e”"‘"’”] ih

X (k
1 — e-Jjtw—2xk/N)
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Recommended Questions with solutions

Question 1

The first five points of the 8-point DFT of a real valued sequence are {0.25, 0.125-j0.318, 0,
0.125-j0.0518, 0}. Determine the remaining three points

Ans: Since x(n) is real, the real part of the DFT is even, imaginary part odd. Thus the
remaining points are {0.125+j0.0518,0,0, 0.125+j0.318}.

Question 2

Compute the eight-point DFT circular convolution for the following sequences:
X2(n) = sin 37n/8
Ans:

(a)

#2) = z(l), 0<ISN=1
= 23(‘+N)_ -(‘V-l)sls-l

() = nn(a-i'l). 0<I<T
= Jln(?-.{(l-f-s:)), -7<€1< =1

= Jan(a—:—"l), <7

3
Z #’(ném)

Therefore, :,(n)@:;(n)

)

3x
nn(zszlnl)+ sm(sT'ln— I+ +sm(-8—|n-3!)

= {1.25,2.55,2.55,1.25,0.25,~1.06, ~1.06,0 25)

Question 3
Compute theeight-point. DFT circular convolution for the following
sequence X3(n) =cos 3wn/8

Zi(n) = co:(s—;-n), 0<IL7
= —cos(s—;-n), -7<1< -1

= [2u(n)- l]cos(:-;s:n), In| <7

3 1 m.
Thenforc.z;(n)@:;(n) = Z(Z) #*(n — m)

= {0.96,0.62,~0.55,—1.06, =0.26,-0.86,0.92, ~0.15)
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Question 4

Define DFT. Establish a relation between the Fourier series coefficients of a continuous time
signal and DFT

Solution

The DTFT representation for a finite duration sequence is

X(]'(D)J;mgx(n) e
N= -o0

X (n) =12n JX (jo) e 9% 4o , Where o= 2nk/n 21

Where x(n) is a finite duration sequence, X(jo) is periodic with period 2m.It is
convenient sample X(jo) with a sampling frequency equal an integer multiple of its period =m
that is taking N uniformly spaced samples between 0 and 2.

Let ok= 2ntk/n, 0<k<N

o0
Therefore X(jw) ZEHM e
n=-oo
Since X(jw) is sampled for one period and there are N samples X(jo) can be expressed
as
N kN
X(k) = X(jo) | o2tk =Y x(m) €27 0<k<N-1
n=0
Question 5
5.7 If X (k) is the DFT of the sequence x(n), determine the N-point DFTs of the sequences
x,(u):ur(»)coszJr - D<n<N-=1
and
x,(n) = x(n)sin Nn D=n<sN-1
in terms of X (k).
Solution:-

N~
Xck) = Zl %z(n) (,J:?: +c"',:';‘:) Pk o

a=0

N-1 N=1
1 Lidelh-ngie 1 ~jRuiheag)e
= E,Z.oxl”)t I 4 3 nz:qxl_n)e e
1
& %xu ~ kohmodn + 3X(k + ko)mod

n

L5
similarly, X, (¥) %X(& - ko)modn = 75Xk + bo)mod
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Question 6
Find the 4-point DFT of sequence x(n) = 6+ sin(2an/N), n=0,1,......... N-1
Solution :-
Here x(n) = 6+sm(3:,—" ] with N=4
. (2rn
x(n) = 6+sm[-—4—} n=01,23
= 6+sin(gn} n =0,1,23
= {6,7, 6, 5).

The N-point DFT is given as,

= [Wy Jxy
P 1 1 1
g ol 5

>
2
I

Question 7
the o

DFT of the signal
2 ={1,1,1,1,1,1,0,0}

magnitude and phase.
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7
X(h) = ¥ sfnjeri ¥
n=0

{6,-0.1071 = L7071, 1 - J,0.7071 4 j0.2929,0,0.7071 - j0.2928.14
~0.7071 4 j1.7071)
{6,1.8478, 1.4142,0.7654,0,0.7654, 1 4142, 18475}

{o.-x.ssas.il,o.w.o.-o.mn-}. 1.ms}

X (EN
LX(k)

Question 8

Compute the N -point DFTs of the signal
x(n):cos%’kon O0<n<N

Solution

N-1
X(k) = 3 e¥nkoemikin
n=0
N-1
= Y eiFk-ton
n=0

= N&(k — ko)

_;_ c-ﬂ;}nko
From (e) = = [6(k-ko)+6(k - N + ko))
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Digital Signal Processing

Properties of DFT

2.1 Properties:-

The DFT and IDFT for an N-point sequence x(n) are given as

=]
DFT: X(k) = ) x(mWy' k=0.1...N=1
n={

1 N-1 g
lDFT:x(n)--N-g)((k)WN n=01. . N=1

where Wy is defined as

WN =t e-}h{"

In this section we discuss about the.important properties of the DFT. These properties are

helpful in the application of the' DFT to practical problems.
The notation used belgw to denote the N-point DFT pair x(n) and X (k) 15
xln) <=5 X (k)
Periodicity:-

If x(n) and X(k) are an N-point DFT pair. then
xtn+4+ N)=1x(n) foralln
X(k+ N)= X(k) forall k

2.1.2 Linearity: |If

xy(m) 251 Xi(k)

x2(n) P{-’- X2 (k)
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Then A x1 (n) + b x2 (n) «<— a X1(K) + b X2(k)

2.1.3 Circular shift:

In linear shift, when a sequence is shifted the sequence gets extended. In circular shift the
number of elements in a sequence remains the same. Given a sequence X (n)_.the shifted
version x (n-m) indicates a shift of m. With DFTs the sequences are defined for0 to N-1.

If x (n) =x(0), x (1), X (2), x 3)

X (n-1) = x(3),x(0), x (1).x (2)

X (n-2) = x(2),x(3),x(0), x (1)

2.1.4 Time shift:
If X (n) «— X (K)

mk
Then x (n-m) «<— WN X (k)

2.1.5 Frequency shift

If X(n)<——> X(k)
+nok
Whn x(n) «——>X(k+no)
N-1 kn
Consider “x(k) =2 x(n) Wn
n=0
N-1
(k+ no)n
X(k+no)=2\ x(n) WN
n=0
kn non
=2 x(n) WN WN
non
- X(k+no)«<——x(n) WN
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2.1.6 Symmetry:
For a real sequence, if x(n)«—— X(k)
X(N-K) = X* (k)

For a complex sequence
DFT(x*(n)) = X*(N-K)

If x(n) then  X(Kk)

Real and even | real and even

Real and odd | imaginary and odd
Odd and imaginary | real odd

Even and imaginary | imaginary and even

2.2 Convolution theorem;
Circular convolution in time domain corresponds to multiplication of the DFTs
If y(n) = x(n) ® h(n) then Y (k) = X(k) H(k)

Ex let x(n) = 1,2,2,1 and h(n) =1,2,2,1
Theny (n) = x(n) ® h(n)

Y(n) =9,10,9,8

N pt DFTs of 2 real sequences can be found using a single

DFT If g(n) & h(n) are two sequences then let x(n) = g(n) +j

h(n) G(k) =% (X(k) + X*(k))

H(k).= 1/2j (X(K) +X*(Kk))

2N pt DFT of a real sequence using a single N pt DFT

Let x(n) be a real sequence of length 2N with y(n) and g(n) denoting its N pt DFT
Let y(n) = x(2n) and g(2n+1)

X(k):Y(k)+WNlé;(k)

Using DFT to find IDFT

The DFT expression can be used to find IDFT
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X(n) = LN [DFT(X*(K)]*

Recommended Questions with solutions

Question 1

State and Prove the Time shifting Property of DFT
Solution

The DFT and IDFT for an N-point sequence x(n) are given as

N=]
DFT: X(k) = ) x(mWy' k=014 0N =1
n={}

1 N-1 g
IDFT: x(n) = -ﬁZX(k)WN n=01..,N-1

=0

where Wy is defined as
W~ =8 =i

Time shift:

If X (n) «— X (k)
mk
Then x (n-m) «<—— WN X, (k)

Question 2

State and Prove the: (i) Circular convolution property of DFT; (ii) DFT of Real and even
sequence.

Solution

(1) Convolution theorem

Circular convolution in time domain corresponds to multiplication of the DFTs
If y(n) = x(n) ® h(n) then Y (k) = X(k) H(K)

Ex let x(n) = 1,2,2,1and h(n) =1,2,2,1 Theny (n) = x(n) ® h(n)

Y(n) =9,10,9,8
N pt DFTs of 2 real sequences can be found using a single DFT
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If g(n) & h(n) are two sequences then let x(n) = g(n) +j

h(n) G(K) =% (X(K) + X*(k))

H(K) = 1/2j (X(K) +X*(k))

2N pt DFT of a real sequence using a single N pt DFT

Let x(n) be a real sequence of length 2N with y(n) and g(n) denoting its N pt DFT
Let y(n) = x(2n) and g(2n+1)

X (K) = Y (K) + Wh© G (K)

Using DFT to find IDFT

The DFT expression can be used to find IDFT
X(n) = /N [DFT(X*(k)]*

(i))DFT of Real and even sequence.
For a real sequence, if x(n)<—— X(k)
X (N-K) = X* (k)

For a complex sequence
DFT(x*(n)) = X*(N-K)

If x(n) then  X(K)

Real and even | real and even

Real and odd | imaginary.and odd
Odd and imaginary | real odd

Even and imaginary | imaginary and even
Question 3

Distinguish between circular and linear convolution
Solution

1) Circularconvolution is used for periodic and finite signals while linear convolution is
used for aperiodic and infinite signals.

2) In linear_convolution we convolved one signal with another signal where as in circular
convolution the same convolution is done but in circular pattern depending upon the
samples of the signal

3) “Shifts are linear in linear in linear convolution, whereas it is circular in circular
convolution.

Question 4
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For the sequences

x,(u)-cosz;-n n(n):sin%n D<n<N=1
determine the N-point:
(8) Circular convolution x;(n) () xs(n)
(b) Circular correlation of x;(n) and x3(n)
(¢) Circular autocorrelation of x;(n)
(@) Circular autocorrelation of x;(n)

Solution(a)

£i(n) = g(aw-ﬂ-m-)
Xi(k) = 52’-[6(&-1)+5(k+1)]

also Xa(k) = %[6(&-1)-—6(&4-1)]
So Xa(k) = X;(k)Xi(k)
2
= %(6(&—!)-6(k+1)]

and zs(n) = %’-cin(%n)

Solution(b)

Rey(b) = Xai(h)
N?

Xi(k)XT(k)
N:
o [6(k = 1)+ &(k + 1))

N 2x
-2-003(73)

Page 23



Digital Signal Processing

Ryy(k) = Xa(k)X3(k)
= NT,[J(k-l)-H(k-H)]

= Fyl) = %‘0’(%“)

Question 5

Use the four-point DFT and IDFT to determine the sequence
x3(n) = x1(n) ®xz(n)

where x,(n) and x;(n) are the sequence given
x:(n) = {1,2, 3,1}
T

x2(n) = {:. 3,2,2}

Solution

yin) = zi(n)dzi(n)

3
= 3 ni(m)megeain = m)

= {17,19,22,19}

X (k)
Xalk)
= Xa(k)

Question 6

r time-invariant system with frequency response H(w) is excited with the
input

o
x(n) = Z 8(n — kN)
Awwoc

that we compute the N-point DFT Y (k) of the samples y(n), 0 <n < N -1
of the output sequence. How is Y (k) related to H(w)?

Solution

Page 24



Digital Signal Processing

z(n) = i é(n—iN)

I==-00
y(n) : h(m)z(n — m)

S~ h(m) [z 5(n—m~— .'N)]
S " h(n-iN)
]

Therefore, y(.) is a periodic sequence with period N. So

N=-1
Y(k) = 3 y(n)Wi”
n=0

H(w)ly
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FAST-FOURIER-TRANSFORM (FFT) ALGORITHMS

3.1 Digital filtering using DFT

In a LTI system the system response is got by convoluting the input with the.impulse
response. In the frequency domain their respective spectra are multiplied. These spectra. are
continuous and hence cannot be used for computations. The product of 2 DFT_s:is equivalent
to the circular convolution of the corresponding time domain sequences. Circular convolution
cannot be used to determine the output of a linear filter to a given input sequence. Inthis case
a frequency domain methodology equivalent to linear convolution is_required. Linear
convolution can be implemented using circular convolution by taking the length of the

convolution as N >=nl1+n2-1 where nl1 and n2 are the lengths of the 2 sequences.

3.1.1 Overlap and add

In order to convolve a short duration sequence with a long duration sequence x(n) ,x(n)
is split into blocks of length N x(n)and.h(n) are zero padded to length L+M-1 . circular
convolution is performed to each block then the results are added. These data blocks may be

represented as

x1(n) = {x(0), x(1), ..., x(L —=1),0,0,...,0}
—— s’
M-1 zeros
x2(n) =4x (L), x(&+ 1), ..., x(2L - 1),0,0,...,0}
N g’
M—1 zeros
x3(n) ={x(2L),...,x(3L -1),0,0,...,0)
Nema—

M~—1 zeros
The two N-point DFTs are multiplied together to form
k)= Hk)Xa(k) k=01..N-1

The IDFT vyields data blocks of length N that are free of aliasing since the size of the
DFTs and IDFT is N = L+M -1 and the sequences are increased to N-points by appending
zeros to each block. Since each block is terminated with M-1 zeros, the last M-1 points from
each output block must be overlapped and added to the first M-1 points of the succeeding
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block. Hence this method is called the overlap method. This overlapping and adding yields the
output sequences given below.

y(n) = [yl(O)o )’1(1), taey )’l(L - l)\ YI(L) + }’2(0), yl(L + 1) +
M, ..., n(N=-1)+»nM-1), n(M),..}

Input data

fo—il i } L !
Xxy(n}
N
M-1
zeros
xaln) Z
N
M-1
zeros
Xatn) 7
Output data
M-1 poims/

add -—EZZ i EZZ
together
M-1 poims/% ya(m) %
add — — Figure 5.11 Linear FIR filtering by the

together overlap-add method.

2.1.2 Overlap and save method

In this method x (n) is divided into blocks of length N with an overlap of k-1 samples.
The first block is zero padded with k-1 zeros at the beginning. H (n) is also zero padded to
length N. Circular convolution of each block is performed using the N length DFT .The output
signal is obtained after discarding the first k-1 samples the final result is obtained by adding

the intermediate results.
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In this method the size of the I/P data blocks is N= L+M-1 and the size of the DFts and
IDFTs are of length N. Each data block consists of the last M-1 data points of the previous
data block followed by L new data points to form a data sequence of length N= L+M-1. An N-
point DFT is computed from each data block. The impulse response of the FIR filter is
increased in length by appending L-1 zeros and an N-point DFT of the sequence is computed
once and stored.
The multiplication of two N-point DFTs {H(k)} and {Xm(Kk)} for the mth block of data yields

Ymk) = HO)Xnk) k=0,1,....,.N—1
Then the N-point IDFT yieids the result
Ym(1) = {Fm(O)Fm(1) -+ - 5m(M — 1)5m(M) - - - 55(N — 1)}

Since the data record is of the length N, the first M-1 points of Ym(n) are corrupted by
aliasing and must be discarded. The last L points of Ym(n) are exactly the same as the result

from linear convolution and as a consequence we get

Ym(n) = YmB) =M M+ 1N -1

x1(n) = {0, GBS0, x(0), x(1),...,x(L — 1)}
r— ————

M~=1 points
xa(n) = {x(L ~M%1),....x(L—1), x(L),...,x2L = 1)}
M-1 d:;a— points L ncw d:la points
from x,(n)
x3() =[(x@L —~M~+1),....xQ2L - 1), x2L).....x(3L — 1)}
M-I da‘lra puoints L new d:la points

from x3(n)

and so forth.  The resulting data sequences from the IDFT are given by (5.3.8),
where the first M — | points are discarded due to aliasing and the remaining L
points constitute the desired result from linear convolution. This segmentation of
the input data and the fitting of the output data blocks together to form the output
sequence are graphically illustrated in Fig. 5.10.

Page 29



Digital Signal Processing

Inpue signal =L = [——— L—{

R
x)(n) / ‘
M-1
708 M- < |
V Xy(n) 7
I
/ xyin)
Owiper signal
% yiim) \
Di nd/
:l % yylm) ]
points /
s /N
poists
Discard
M-1 Flgare 510 Lincar FIR filtering by the
points overlap-save method.

3.2 Direct Computation of DFT

The problem:
Given signal samples: x[0], . .., X[N - 1] (some of which may be zero), develop a procedure to
compute

fork=0,...,N-1where

: _a2%
Wy =e %

We would like the procedure to be fast, simple, and accurate. Fast is the most important, so we will
sacrifice simplicity for speed, hopefully with minimal loss of accuracy

3:3 Need for efficient computation of DFT (FFT Algorithms)
Let us start with the simple way. Assume that "2 has been precompiled and stored in a

W m
table for the N of interest. How big should the table be? X s periodic in m with period N,

S0 we just need to tabulate the N values:
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n';;-=..).(.\__n.’) .-m(‘_\—_m)
(Possibly even less since Sin is just Cos shifted by a quarter periods, so we could save just Cos
when N is a multiple of 4.)

Why tabulate? To avoid repeated function calls to Cos and sin when computing the DET. Now

we can compute each X[k] directly form the formula as follows

N-1
Xk = Y xin] WA = o] WS + 2l WE + 22 W2 4. 4 2N P

For each value of k, there are N complex multiplications, and (N-1) complex additions. There
are N values of k, so the total number of complex operations is
N N+ NN -1)= 2NN =0\
Complex multiplies require 4 real multiplies and 2 real additions, whereas complex additions
require just 2 real additions N~ complex multiplies are the primary concern.
2. : . . .
N increases rapidly with N, so how can we reduce the amount of computation? By exploiting
the following properties of W:
o Symmery propey “":,“\"'2 = ”'.'k.‘ = " '.".t
o Perigiciovproperty: W™ = W
o Reeursion propemy Wi =Wy,
The first and third.properties hold for even N, i.e., when 2 is one of the prime factors of N.

There are related properties for other prime factors of N.

Divide and conquer approach

We have.seen in the preceding sections that the DFT is a very computationally
intensive operation. In 1965, Cooley and Tukey published an algorithm that could be used to
compute the DFT much more efficiently. Various forms of their algorithm, which came to be
known as the Fast Fourier Transform (FFT), had actually been developed much earlier by
other mathematicians (even dating back to Gauss). It was their paper, however, which

stimulated a revolution in the field of signal processing.

It is important to keep in mind at the outset that the FFT is not a new transform. It is

simply a very efficient way to compute an existing transform, namely the DFT. As we saw, a
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straight forward implementation of the DFT can be computationally expensive because the
number of multiplies grows as the square of the input length (i.e. N2 for an N point DFT). The

FFT reduces this computation using two simple but important concepts. The first concept,
known as divide-and-conquer, splits the problem into two smaller problems. The second
concept, known as recursion, applies this divide-and-conquer method repeatedly until the
problem is solved.

Recommended Questions with solutions

Questionl

A designer has available a number of eight-point FFT chips. Show explicitly how he
should interconnect three such chips in order 1o compute a 24-pomt DFT.

Solution:-

Create three subsequences of 8-pts each

21 22 23
Y()) = 32 ym)WRttd Y y(mWAr+ D y(m)WE
n=03,6,... n=14.7,... n=205,...

7 7 7
= Zy(ai)wg +> y(3i+ DWEWE + 3 u(3i + W Wit

1=0 i=0 i=0

Yi(k)+ W§ Yo (k) + W Ys(k)

e

where Y}, Y5, Y3 represent the 8-pt DFTs of the subsequences.

Question 2

Let x(n) be a real-valued N-point (N = 2") sequence. Develop a method to compule
an N-point DFT X'(k}, which contains only the odd harmonics [ie.. X' (k) =0 if k is
even] by using only a real N /2-spoint DFT.

Solution:-
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N-1

Z z(n)WE"

n=0

&1

X(k)

I

n=0
-1

2

n=0

X(2k +1),

Let X' (k')

¥~
2

Then, X'(¥’)

0<k<N-1

N-1

3" z(n)Wir + Y z(n)Wp
n=§

-1
WA+ 3 2+ Wit

r=0

osrs )

[z(n)W;(vw“)" +z(n+ %)W}vﬂquwﬁ)]

n=0
Using the fact that W™ = W;’", wh =1
Pt =g nk'n N Py w ¥
X'y = 3 z(n)WE Wi +z(n+?)W§ WRW,
n=0 *
-1

2

n=0 *

Question 3

z(n) = z(n+ %)] W;W;’n

The z-transform of the,sequence x(a) = u(n) — u(n — 7) is sampled at five points on

the unit circle as follows

Xlh) = X(z)|, = /5

Solution:#

X(z)
X(k)

z'(n)

z'(n)

]

k=10,1.2,3.4
= 14+z7'4... 4278
= X(Z)|‘=¢,z‘;

I i L 4, o T
2425 4 i¥ 4 4N
{2,2,1,
Zz(n+7m). a=0.1....4
m

1,1}

Temporal aliasing occurs in first two points of z'(n) because X(z) is not sampled at sufficiently

small spacing on the unit circle.
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Question 4

Consider a finite-duration sequence x(n), 0 < n < 7, with z-transform X(z). We wish
to compute X(:) at the following set of values:

2 = 0.8/1ONMRM] < p <7
(2) Skeich the points {z,] in the complex plane.

(b) Determine a scquence s(n) such that its DFT provides the desired
X(2).

Solution:- (a)

2 = Q,w[""’ *]

5
circle of radius 0.8

X(k)

X(2)lizsa

? -n
= Y zm[osel+i])
n=0

s(n) = 2(n)0Be~¥"
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RADIX-2 FFT ALGORITHM FOR THE COMPUTATION OF DFT AND
IDET

4.1 Introduction:

Standard frequency analysis requires transforming time-domain signal to frequency
domain and studying Spectrum of the signal. This is done through DFT computation. N-point
DFT computation results in N frequency components. We know that DET computation
through FFT requires N/2 log2N complex multiplications and N log2N additions. In. certain
applications not all N frequency components need to be computed (an application will be
discussed). If the desired number of values of the DFT is less than 2 leg2N than direct
computation of the desired values is more efficient that FFT based computation.

4.2 Radix-2 FFT

Useful when N is a power of 2: N = r for integers rand v. ‘r’ is called the radix, which
comes from the Latin word meaning .a root, and has the same origins as the word radish.

When N is a power of r = 2, this is called radix-2, and the natural .divide and conquer
approach. is to split the sequence into two sequences of length N=2. This is a very clever trick

that goes back many years.

4.2.1 Decimation in time

0 x2l) na) HMN=D)
.\\\ 'v—\
§ L)
gl Bl 2 5N sl Ni2-Posnt \
R o 2t \\
. 4

\'ID)IHH‘,F‘ R(§-1)
1 ) Fyl ) : i\ {,-

Fooss \\\‘\V\\‘\
facton \ 2 MM 5' e I)
wh ) ..\\ DFT xm m TtI
4 ‘\
Gk v
'\f )R L 1)

Fig 4.1 First step in Decimation-in-time domain Algorithm
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N = 8-point decimation-in-time FFT algorithm

Stage | Stage 2 Stage 3
()
i \/ \ /

Wy -l

X[2]

X[3]

X4l

X[5]

X[6]

X[

Each dot represents a complex addition.
Each arrow represents a complex multiplication.
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4.2.2 Decimation-in-frequency Domain

Another important radix-2 FFT algorithm, called decimation-in-frequency algorithmqis
obtained by using divide-and-conquer approach with the choice of M=2 and L= N/2.This
choice of data implies a column-wise storage of the input data sequence. To.derive the
algorithm, we begin by splitting the DFT formula into two summations, one of which invelves
the sum over the first N/2 data points and the second sum involves the last N/2 data points.

Thus we obtain

(N/2)=1 N =1

Xthy = 3 x(mWN+ 3 x(mWwy
i) ne=N/2
(N2)=1 (N2)=1 N
- Z x(mWE + wat? Z x (n . -) W
nwl) n i) 2

Since W:,N’z = (—1)*, the expression (6.1.33) can bc rewritten as

(N/2)~1 x N Y
X (k) = g [x(n) + (—=1)*x (n 4 ]W,,"

Now, let us split X(k) into the even and odd-numbered samples. Thus we obtain

(N/2)-1 N ) N 5
X2k = — | | W= = ey —— 1.3
(2k) Z [x(n)+x(n+ )] N2 k=01, '3 1 6.1

n=0 2

and
X2k +1) = g l[x(n)—x(n-f—-z-)]w;,',lWNﬂ k=0,1.....—2——-1
(6.1.36)
where we have used the fact that W} = Wy .
If we define the N/2-point sequences g;(n) and gz(n) as
g1(n) = x(n) +x (n + -1—2\’—)
gz(n)=[x(n)—x(n+—-2]!)]Wﬁ, n=0.1,2.....%—1

then
(N/2)—1
X(2k) = > ;(mWK,
n==0
(N/2)—1
X2k+1) = > gamWh,

n=0
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Data Data
decimation | decimation 2
Memory address Memory
(decimal) (binary)
0 000 x(0) x(0) x(0)
| 001 x(1) x(2) >< x(4)
2 010 x(2) x(4) x(2)
3 011 x(3) x(6) x(6)
K 100 x(4) x(1) x(1)
5 101 x(5) x(3) >< x(5)
6 110 x(6) x(5) L xd)
7 111 x(7) x(7) x(7)
{ |
Natural Bil-reversed
order order

(a)

(rzmyng) — (momany) - (mgnyma)

000) — (000) - (000
o1 = (100) - (100)
0ro) - (@O0 - (010
011 = 01 = (110
(100) — (©10) - (00O
(1o = 10y —- (oM
Qi - @1 - (@1
(111 = (111) = (1D
(b)

Fig 4.2 Shuffling of Data and Bit reversal

The computation of the sequences gl (n) and g2 (n) and subsequent use of these
sequences to compute the N/2-point DFTs depicted in fig we observe that the basic

computation in this figure involves the butterfly operation.
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The computation procedure can be repeated through decimation of the N/2-point DFTSs,
X(2k) and X(2k+1). The entire process involves v = log2 N of decimation, where each stage

involves N/2 butterflies of the type shown in figure 4.3.

x(O)-\ /
(1) = »-

x(2)

x(3)

x(4)

—a X(0)
— X(2)
4.point
DFT
- X (4)
e X(6)
o X(3)
4-point
DFT

—e X(3)

Fig 4.3 First step in Decimation-in-time domain Algorithm
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o

- X(2)

X(0)
>< we
| X4)

w?
X(6)

N
ALK
SXXN o N\
XX

A

=5)

-
o/ N

X

—= X{(1)

Fig 4.4 N=8 point Decimation-in-frequency domain Algorlthm
4.2 Example: DTMF — Dual Tone Multi frequency

This is known as touch-tone/speed/electronic dialing, pressing of each button generates a
unique set of two-tone signals,called DTMEF signals. These signals are processed at exchange

to identify the number pressed by determining the two associated tone frequencies. Seven

frequencies are used to‘code the 10 decimal digits and two special characters (4x3 array)

w7
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In this application frequency analysis requires determination of possible seven (eight)
DTMF fundamental tones and their respective second harmonics .For an 8 kHz sampling freq,
the best value of the DFT length N to detect the eight fundamental DTMF tones has been
found to be 205 .Not all 205 freq components are needed here, instead only those
corresponding to key frequencies are required. FFT algorithm is not effective and efficient in
this application. The direct computation of the DFT which is more effective in thisi@application

is formulated as a linear filtering operation on the input data sequence.

This algorithm is known as Goertzel Algorithm

This algorithm exploits periodicity property of the phase factor. Consider the.DFT definition

MM=%MMMT )

W —kN
Since " s equal to 1, multiplying both sides of the equation by this results in;

X (k)= wy ™ i:;x(m)WNmk = Z_OX( M)Wn-« (N-m @)

This is in the form of a convelution V() =x(n) *hi ()

ye () = Dx(mwl Q)
h ) =W ae) @)

Where yk(n) is the out put of a filter which has impulse response of hk(n) and input x(n).
The output of the filter at n = N yields the value of the DFT at the freq wk = 2nk/N

The filter has frequency response given by
H
1
‘@)= —— (6)

1 —W-kz-1
N

The above form of filter response shows it has a pole on the unit circle at the frequency wk =
2nk/N.

Entire DFT can be computed by passing the block of input data into a parallel bank of N
single-pole filters (resonators)
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The above form of filter response shows it has a pole on the unit circle at the frequency wk =
2mk/N.

Entire DFT can be computed by passing the block of input data into a parallel bank of N
single-pole filters (resonators)

1.3 Difference Equation implementation of filter:

From the frequency response of the filter (eq 6) we can write the following difference
equation relating input and output;

Hp=Y@= 1
k X(@ 1-w 7
Y, (M =Wy, (n-1)+x(n) Y, (-1)=0 (7)

The desired output is X(k) = yk(n) for k = 0,1,...N-1<The phase factor appearing in the
difference equation can be computed once and stored.

The form shown in eq (7) requires complex multiplications which can be avoided
doing suitable modifications (divide and multiply:by 1-Wz™). Then frequency response of
the filter can be alternatively expressed as

1—W kz-1

(2) = ®
1- Zcos(an/N)z o

k

This is second —order realization. of the filter (observe the denominator now is a second-order
expression). The direct form realization of the above is given by

v (n) 2 cos(27k / N)v (n-1) - v (n=2) +x(n) 9
y (n)=v (n) —ka (n -1) vk -1 = \ﬁ (-2)=0 (10)
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x{r1) / N - 77:74‘"" o B —
~ 1 v
iz
i SOE 2k _' \y:
A =
The recursive relation in (9) is iterated for n =0,1,...... N, but the equation in (10) is computed

only once at time n =N. Each iteration requires one real multiplication and two additions.
Thus, for a real input sequence x(n) this algorithm requires (N+1) real multiplications to yield
X(k) and X(N-K) (this is due to symmetry). Going through-the Goertzel algorithm it is clear
that this algorithm is useful only when M out.of N DFT values need to be computed where M<
2log2N, Otherwise, the FFT algorithm is more efficient method. The utility of the algorithm
completely depends on the application and number of frequency components we are looking
for.

4.2. Chirp z- Transform

4.2.1 Introduction;

Computation of DET is equivalent to samples of the z-transform of a finite-length
sequence ‘at equally spaced points around the unit circle. The spacing between the samples is
given by 2n/N. The efficient computation of DFT through FFT requires N to be a highly
composite number which is a constraint. Many a times we may need samples of z-transform
on contours other than unit circle or we my require dense set of frequency samples over a

small region of unit circle. To understand these let us look in to the following situations:

1. Obtain samples of z-transform on a circle of radius ‘a’ which is concentric to unit circle
The possible solution is to multiply the input sequence by a"

2. 128 samples needed between frequencies ® = -n/8 to +n/8 from a 128 point sequence
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From the given specifications we see that the spacing between the frequency samples is
n/512 or 2m/1024. In order to achieve this freq resolution we take 1024- point FFT of
the given 128-point seq by appending the sequence with 896 zeros. Since we need only

128 frequencies out of 1024 there will be big wastage of computations in this scheme.

For the above two problems Chirp z-transform is the alternative.

Chirp z- transform is defined as:

N-1

X @)=2x(Nz" k=01,...L-1 (11

Where zk is a generalized contour. zk is the set of points in the z-plane falling on an arc which
begins at some point zo and spirals either in toward the origin or out away from the origin such

that the points {z«k}are defined as,
1 =rep, (R ej¢t)k k=0,1,..L-1 (12)
0 0

k
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Note that,

a. if Ro< 1 the points fall on a contour that spirals toward the origin
b. If Ro > 1 the contour spirals away from the origin

c. If Ro= 1 the contour is a circular arc of radius

d.If ro=1 and Ro=1 the contour is an arc of the unit circle.

(Additionally this contour allows one to compute the freq content of the sequence x(n) at

dense set of L frequencies in the range covered by the arc without having to compute a large

DFT (i.e., a DFT of the sequence x(n) padded with many zeros 10 obtain the desired resolution

in freq.))

e. If ro= Ro=1 and 00=0 ®o=2x/N and L = N the contour is the entire unit circle similar to the

standard DFT. These conditions are shown in the following diagram.

Im(2)

.".L,/,

= ‘ e
Scarmed mage tom (5P by Proskis 5 &5 2
R, =, ), R, |
oty =0 rp< |
v.“l. o

Unit
circle
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Im(z) Im(z)

e Unit - Unit
e / gircle /,/ B 7 circle

/,/
-

/ ( ,D'\,

T - T Re(?) o =

\ L1

\ i

Scamed magp e OSP by Proakis y. 433
Ry< | &, >

Re(2)

Substituting the value of zk in the expression of X(z«)

Nt koo N 0.
Xz e = e 16 yn -k 3)
) .
n=0 n=0
where W= Roe i (14)

4.2.2 Expressing computation of X(zk) as linear filtering operation:
By substitution of
1
nk = E(n2+k2—(k—n)2) (15)

we can express X(zk) as

X (2,) =W * 3y(k) = y(K) / h(K) K=01,.L-1  (16)
Where

h(n) =W ﬁ/z g(n)=x<n)<6ejﬁornw 12

y(k) = Zg(n)h(k n) (17)

both g(n) and h(n) are complex valued sequences

4.2.3 Why it is called Chirp z-transform?
If Ro =1, then sequence h(n) has the form of complex exponential with argument on =

n2d>o/2 = (n ®0o/2) n. The quantity (n ®o/2) represents the freq of the complex exponential
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signal, which increases linearly with time. Such signals are used in radar systems are called

chirp signals. Hence the name chirp z-transform.

Chirp Signal

amp
y y
¢ { © o ¢
o N I
T T T
P
1 1 £ Y

(=)
(o]
[=]
4]
(o]
-
(=]
(4]
]
M
o
N
4]
o
W
(o]
()
4]
]
IS
(o]
»
4]
[o]
(4]

4.2.4 How to Evaluate linear convolution of eq (17)
1. Can be done efficientlywith FFT

2. The two sequences involved are g(n) and h(n). g(n) is finite length seq of length N and
h(n) is of infinite duration, but fortunately only a portion of h(n) is required to compute
L values of X(z);-hence FFT could be still be used.

3. Since.convolution is via FFT, it is circular convolution of the N-point seq g(n) with an
Ms point section of h(n) where M > N

4. The concepts used in overlap —save method can be used

5... While circular convolution is used to compute linear convolution of two sequences we
know the initial N-1 points contain aliasing and the remaining points are identical to
the result that would be obtained from a linear convolution of h(n) and g(n), In view of
this the DFT size selected is M = L+N-1 which would yield L valid points and N-1
points corrupted by aliasing. The section of h(n) considered is for —(N-1) < n< (L-1)
yielding total length M as defined

6. The portion of h(n) can be defined in many ways, one such way is,
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hi(n) =h(n-N+1)n=0,1,....M-17.
Compute Hi(k) and G(K) to obtain

Y1(k) = G(K)H1(k)
8. Application of IDFT will give yi(n), for

n=0,1,...M-1. The starting N-1 are discarded and desired values are y1(n) for
N-1 <n < M-1 which corresponds to the range 0 <n < L-1i.e.,

y(n)= y1(n+N-1) n=0,1,2,.....L-1
9. Alternatively hz2(n) can be defined as
h2 (n) = h(n) 0<n<L-1

=h(n—(N+L-1)) L<n<M-1
10. Compute Y2(k) = G(K)H2(k), The desired values of y2(n)are in the range

0<n<L-li.e,

y(n) =y2(n) n=0,1,....L-1
11. Finally, the complex values X(zk) are computed by dividing y(k) by h(k)
Fork=0,1,...... L-1

4.3 Computational complexity

In general the computational complexity of CZT is of the order of M log2M complex
multiplications. This should be compared with N.L which is required for direct evaluation.
If L is small direct evaluation is more efficient otherwise if L is large then CZT is more

efficient.
4.3.1 Advantages of CZT
a. Not necessary to have N =L

b.Neither N or L need to be highly composite

c.The samples of Z transform are taken on a more general contour that includes the unit
circle as a special case.

4.4 Example to understand utility of CZT algorithm in freq analysis
(ref: DSP by Oppenheim Schaffer)

CZT is used in this application to sharpen the resonances by evaluating the z-transform

off the unit circle. Signal to be analyzed is a synthetic speech signal generated by exciting a
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five-pole system with a periodic impulse train. The system was simulated to correspond to a
sampling freq. of 10 kHz. The poles are located at center freqgs of 270,2290,3010,3500 & 4500
Hz with bandwidth of 30, 50, 60,87 & 140 Hz respectively.

Solution: Observe the pole-zero plots and corresponding magnitude frequency response for

different choices of |w|. The following observations are in order:

«  The first two spectra correspond to spiral contours outside the unit circle.with a resulting
broadening of the resonance peaks

* |w| =1 corresponds to evaluating z-transform on the unit circle

«  The last two choices correspond to spiral contours which spirals inside the unit circle and

close to the pole locations resulting in a sharpening. of resonance peaks.
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4.5 Implementation of CZT in hardware to compute the DFT signals
The block schematic of the CZT hardware is shown in down figure. DFT computation

requires ro =Ro =1, 60 = 0 ®o =2n/N and L = N.

The cosine and sine sequences in h(n) needed for pre multiplication and post multiplication are
usually stored in a ROM. If only magnitude of DFT is desired, the post multiplications are

unnecessary,

In this case [X(zKk)| = |y(k)| k =0,1,....N-1

ROM : FIR i
' filter ' o< > 2
i o wnd - + - ()*
l h,(n) = cos l’\']' N :
cos n )
>< \ /\—._._.‘ |
: —_— :
' FIR :
- filter | ]
1 AN '
h,(n) = sin —I—v-—l :
: . vn)!
s : H (0 ) - v -
1 FIR
| filter
' - 2
§ h,(n) = sin T\I"
- x ) .
Sin ’x" ? : FIR j ’ [ . l
l ' filter L ' +/ l :
I ] ' o ot . ’( ') - ()¢
' ROM | h,(n) = cos N ‘ ‘ i
| | |
Seanned image from OGP by Proalic, p
Chirp Filters
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Recommended Questions with solutions

Question 1
Compute the 16-point DFT of the sequence
x(n) = cos %n O=n=<15

using the radix-4 decimation-in-time algorithm.

Solution:-
1 1 1 1
all -j -
A= |y 4 § =1
1 j =1 =j

2,2 2(0) z(4) 2(8) z(12)]"
2,2 [ z(1) z(5) z(9) z(13) 17
2,2 2(2) 2(6) 2(10) z(14))”
a

[ 2(3) =z(7) z(11) z(18) ]"

Z4
[ zog ] ’ ; ”
4

F8) | =455 o

| F(12) | N

NN
Fo) | S422% | o
| F(13) | o
22; 4
6 1o
Flo) | 42| ¢
F(14) 0

F(11) | = 4%

F(3)
F(7) -
F(15)

B
|
cooco
_
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As every F(1) = 0 except F(0) = -F(2) = 4,

z(0) F(0) 0
2(7) | _ F() | | s
28) | =A% | F2) =] 0
z(12) F(3) 8

which means that X(4) = X(12) = B. X(k) = 0 for other K

Question 2
Draw the flow graph for the decimation-in-frequency (DIF) SRFFT algorithm for
N = 16. What is the number of nontnivial multiplications?

Solution :- There are 20 real , non trial multiplications

F— X©)
‘. S
v &

7

X(8)

e ;; NoDC
x(2) O “ " 5 QO X)
BN/ 9250402 o B
AN/ 006
o NV BN 53\ DX oo
BNV VAN O D vad D

‘1’;‘: 1‘;""' VA\WA‘:X: O X(14)

x(7) 'v’v’va’v‘v.v’;" —7

x(®) @ AVAVAVAVAVAVA' ~ Ox()
B N
x(10) ,I’A‘}’%’A\\- v ° = > O+—O X(5)
x(11) .II’A’A\\\.‘AA j - M—Oxus)
N/ AN 0000 2ot —ox
/RS0 Kol o
W/ AKI\WZAN SSEI 1 o D
x(15) > ijv 2'7 >T=09261-0 xu9

Figure 4.1 DIF Algorithm for N=16
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Question 3

Explain how the DFT can be used 10 compute N equispaced samples of the z-
transform, of an N-point sequence, on a circle of radius r,

Solution:-

N-1
X(z) = Z:(n);"‘
n=0
N=1
Hence, X(zy) = zg(n)f-",-)ﬂh

where z; = re™’¥% k = 0,1,...,N = 1 are the N sample points, It i8 clear that X(z;).k =
0.1... . N =1 is equivalent to the DFT (N-pt) of the sequence z{n)r"2, €0, N ~ 1]

Question 4

Let X (k) be the N-point DFT of the sequence xin), 0 = < A"~ 1. What 1s the
N-point DFT of the sequence sin) = X hsn = N - 17

Solution:-

N-1
X(k)y=_ z(n)WR"
n=0

Let F(t), t=0,...,N—1bethe DFT of the sequence on k X (k).

N-1
F(t) = Z X(E)WSE

Mot N1

= 3 [Z :(n)w,';,"] Wit
k=0 Ln=0
N-1 N-1

= z(n) {E W,‘:,(""")]
n=0 k=0
N-1

= Y z(n)§(n+t)mod N
n=0

N-1
= Y z(n)§(N-1-n-t) t=01,..,N-1
n=0

= {z(N-1),z(N=2),...,2(1),2(0)}
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Question 5

Develop a radix-3 decimation-in-time FFT algorithm for N = 3' and draw the corre-
sponding flow graph for N = 9. What is the number of required complex multiplica-
tions? Can the operations be performed in place?

Solution:-
o
Y(k) = Y yn)wgt
n=0
= Y ot Y ynwets Y ynwet
n=036 n=14"7 nz25%8
- Z y(3m)WIt™ 4 }: y(3m + WP }: W3mA2)w ™t
m=0 m=0
2
= Z y(3m)Wa™ 4 Z y(3m + )W W + Z y(3m + 2) Wit wit
m=0 m=0
Question 6

Determine the sysiem function H () and the difference equation for the system that
uses the Goertzel algorithm to compule the DFT value X(N - k).

Solution:-

N-1
Xy = Y a(mwy”
m=0
N-1
Z z(m)WAT Wit since WitN =1
m=0
~ N-1
= Zz(m)ng(N‘m)

m=0

This can be viewed as the convolution of the N-length sequence x(n) with implulse

response of a linear filter

a

hi(n) WF"u(n), evaluated at time N

Hk(z) = Z kn P

n=0
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1

_ Yu(2)

TX(2)
gi{n] = W,f,yk(n-l)+z(n),
w(N) = X(k)

S

<O
Ny
N\
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Unit 3
Design of IIR Filters

5.1 Introduction

A digital filter is a linear shift-invariant discrete-time system that is realized using finite
precision arithmetic. The design of digital filters involves three basic steps:

/7
0‘0

The specification of the desired properties of the system.

The approximation of these specifications using a causal discrete-time system.

0
o

The realization of these specifications using finite precision arithmetic.

These three steps are independent; here we focus our attention on the second step. The
desired digital filter is to be used to filter a digital signal that is derived from an analog signal
by means of periodic sampling. The specifications for both analog and digital filters are often
given in the frequency domain, as for example in the design of low pass, high pass, band pass
and band elimination filters.

Given the sampling rate, it Is straight. forward to convert from frequency specifications
on an analog filter to frequency specifications on the corresponding digital filter, the analog
frequencies being in terms of Hertz and digital frequencies being in terms of radian frequency
or angle around the unit circle with the point Z=-1 corresponding to half the sampling
frequency. The least confusing point of view toward digital filter design is to consider the filter
as being specified in terms of angle around the unit circle rather than in terms of analog

frequencies.
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H(e’™ 1]
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Figure 5.1: Tolerance limits for approximation of ideal low-pass filter

A separate problem is that of determining an appropriate set of specifications on the
digital filter. In the case of a low pass filter, for example, the specifications often take the form

of a tolerance scheme, as shown.n Fig. 5.1.
V- H 2 H(E) <1, |w|Ew,

hH(e™) |< b2, w, <|w|<w

Many of the filters used in practice are specified by such a tolerance scheme, with no
constraints‘on the phase response other than those imposed by stability and causality requirements;
i.e., the poles of the system function must lie inside the unit circle. Given a set of specifications in
the form of Fig. 5.1, the next step is to and a discrete time linear system whose frequency response
falls within the prescribed tolerances. At this point the filter design problem becomes a problem in
approximation. In the case of infinite impulse response (IIR) filters, we must approximate the
desired frequency response by a rational function, while in the finite impulse response (FIR) filters

case we are concerned with polynomial approximation.

5.1 Design of 1IR Filters from Analog Filters:
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The traditional approach to the design of IIR digital filters involves the transformation
of an analog filter into a digital filter meeting prescribed specifications. This is a reasonable
approach because:

oS

The art of analog filter design is highly advanced and since useful results can be
achieved, it is advantageous to utilize the design procedures already developed for
analog filters.

/7
0‘0

Many useful analog design methods have relatively simple closed-form design
formulas.

Therefore, digital filter design methods based on analog design formulas are rather simple to
implement. An analog system can be described by the differential equation

\ \r
v '

r.l, i o ¥
V.(,u{_.'tfl 7V.'-’id_1.f)
o H"" el d'
k=0 5
And the corresponding rational function is
M N ol 8

H.(s) & =0 W

Jao
— -

. :t._-\l..::' Jals

The corresponding description for digital filters has the form

N M
Zm'l n—K) = S_: bex(n—Kk)
=0 k=0

and the rational function

i Dhatar™ YL
' L T X(z2)
Lok=l) [ S

In transforming an analog filter to a digital filter we must therefore obtain either H(z)
or-h(n) (inverse Z-transform of H(z) i.e., impulse response) from the analog filter design. In
such transformations, we want the imaginary axis of the S-plane to map into the nit circle of
the Z-plane, a stable analog filter should be transformed to a stable digital filter. That is, if the
analog filter has poles only in the left-half of S-plane, then the digital filter must have poles

only inside the unit circle. These constraints are basic to all the techniques discussed here.
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5.2 Characteristics of Commonly Used Analog Filters:

From the previous discussion it is clear that, IIT digital filters can be obtained by
beginning with an analog filter. Thus the design of a digital filter is reduced to designing an
appropriate analog filter and then performing the conversion from Ha(s) to H (z). Analog filter
design is a well - developed field, many approximation techniques, viz.,. Butterworth,
Chebyshev, Elliptic, etc., have been developed for the design of analog low
pass filters. Our discussion is limited to low pass filters, since, frequency transformation can
be applied to transform a designed low pass filter into a desired‘high pass, band pass and band
stop filters.

5.2.1 Butterworth Filters:

Low pass Butterworth filters are all - pole filters with'monotonic frequency response in
both pass band and stop band, characterized by the magnitude - squared frequency response

. 1
T IRAL2Y 1 +62(Q/Q, 2N

Where, N is the order of thefilter, Qc is the -3dB frequency, i.e., cutoff frequency, Qp is the

| H(SUds

pass band edge frequency and 1= (1 / 1+82 ) is the band edge value of | Ha(Q) | 2. Since the
product Ha(s) Ha(-s).and evaluated at s = jQ is simply equal to | Ha(Q) | 2, it follows that

1
Hﬂ |slHal _'“' MR T

{ —8 \.'
1+ | ar )’

The poles of Ha(s)Ha(-S) occur on a circle of radius Qc at equally spaced points. From Eq.
(5.29), we find the pole positions as the solution of

B

— = (=] )V = RN k0.1, N=1

Q32
And hence, the N poles in the left half of the s-plane are

- sl (D2 L1\ /ON . -
sk = Q2SfBHHERN . _0.1,....N—1
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Note that, there are no poles on the imaginary axis of s-plane, and for N odd there will
be a pole on real axis of s-plane, for N even there are no poles even on real axis of s-plane.
Also note that all the poles are having conjugate symmetry. Thus the design methodology to

design a Butterworth low pass filter with 32 attenuation at a specified frequency Qs is Find N,

log/(1/435) = 1 log(0/¢)

2log(Q,/€0)  log(R,/,

Where by definition, 82 = 1/\/1+82. Thus the Butterworth filter. is completely

characterized by the parameters N, 82, € and the ratio Qs/Qp or Qc.Then, from Eq. (5.31) find
the pole positions Sk; k=0,1, 2,........ (N-1). Finally the analog filter is given.by

l’{l:\l - l‘l :

h.
k==1 \¥ — ¢

5.2.2 Chebyshev Filters:

There are two types of Chebyshev filters. Type | Chebyshev filters are all-pole filters
that exhibit equiripple behavior in the pass band and a monotonic characteristic in the stop
band. On the other hand, type Il Chebyshev filters contain both poles and zeros and exhibit a
monotonic behavior in the pass band and an equiripple behavior in the stop band. The zeros of
this class of filters lie on the imaginary axis in the s-plane. The magnitude squared of the
frequency response characteristic of type | Chebyshev filter is given as

l

| +e2T3(0/Q,

H () |°=

Where € is a parameter of the filter related to the ripple in the pass band as shown in Fig.

(5.7), and Tn is the Nth order Chebyshev polynomial defined as

> [ cos(Ncos—tx), E1S
1“.f~ J 1 coshiN eosh ‘r) . !

The Chebyshev polynomials can be generated by the recursive equation
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TN+|(J') == 2!7:\'(:7‘) — T‘N-l('r)v N= 1.2,--.

Where To(x) = 1 and T1(X) = X.
At the band edge frequency Q=Qp, we have

1

Jira T4

Mol

1 NN

1+ €2

.2: Type I Chebysehev filter characteristic

Or equivalently

2, 1
(1—6,)2

f the pass band ripple.

1

3

Where 31 is the v

Chebyshev filter lie on an ellipse in the s-plane with major axis

3+ 1
=5

I-1
r2=Qp62}3

Where B is related to € according to the equation
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V1+e2+1,y

=

€

The angular positions of the left half s-plane poles are given by

Then the positions of the left half s-plane poles are given by

i P00 Az N =0

Where ok = I Cos ok and Qk = I't Singk. The order of the filter is obtained from

—

N logl(y/1 = 83 + /1 — &gk G/
',n_t';!—'.'- -+ /I|¥-. - !]

umh_l —.’l

O —1,5,
cosh '1:,’

Where, by definition 82 = 1/ 1+52.
Finally, the Type | Chebyshev filter is given by

H ) = H 1

~ S5
k=1 ! L

A Type Il Chebyshev filter contains zero as well as poles. The magnitude squared response is
given as

1

1 4 ,.'3’1'\.[. :: ) 1{,1::. \1

H. (=) |*=

Where Tn(x) is the N-order Chebyshev polynomial. The zeros are located on the imaginary
axis at the points

and the left-half s-plane poles are given

sk=0 + 7%, k=01,....N—1
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Where

\”""‘:-l OS* | T 7 1 Sl @,
Finally, the Type Il Chebyshev filter is given by

N

H,(s) = [] —

k—1 N - —— Ny

The other approximation techniques are elliptic (equiripple in both passband and

stopband) and Bessel (monotonic in both passband and stopband).

5.3 Analog to Analog Frequency Transforms

Frequency transforms are used to transform lowpass prototype filter to other filters like
highpass or bandpass or bandstop filters. One possibility is to perform frequency transform in
the analog domain and then convert the analog filter into a corresponding digital filter by a
mapping of the s-plane-into z-plane. An alternative approach is to convert the analog lowpass
filter into a lowpass digital filter and then to transform the lowpass digital filter into the

desired digital filter by a digital transformation.

Suppose we have a lowpass filter with pass edge Qp and if we want convert that into

another lowpass filter with pass band edge Q’p then the transformation used is

s.ZP
i (lowpass to lowpass)
P
Thus we obtain a lowpass filter with system function H(s) = Hp[(Q,,/Q‘p)s],
where H,(s) is the system function of the prototype filter with passband edge
frequency Q,.

To convert low pass filter into highpass filter the transformation used is
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0,0,

§= = (lowpass to highpass)

A
The system function of the highpass filter is Hy(s) = H, (S, /s).

The transformation for converting a lowpass analog filter with passband edge
frequency €2, into a band filter, having a lower band edge frequency ;/and an
upper band edge frequency €, can be accomplished by first converting the lowpass

5 +QQ,
5 — o (lowpass to bandpass)
Thus we obtain
2+ Q0
Hy(s) = H, (Qp.‘f__t__’._“_)
5(Q, ~ )

Finally, if we wish to convert a lowpass analog filter with band edge frequency
$2, into a bandstop filter, the transformation is simply the inverse of (8.4.3) with
the additional factor Q, serving to normalize for the band edge frequency of the
lowpass filter. Thus the transformation is

s(§%— )

Q) N
—_) p5'2+ﬂ,,91

(lowpass to bandstop)

The filter function is

s(8% — )
Huto = by (9 S
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Recommended Questions with answers

Question 1

| Design a digital filter to satisfy the following characteristics.

/7
0‘0

-3dB cutoff frequency of 0:5_ rad.

0
”Q

Magnitude down at least 15dB at 0:75_ rad.

Monotonic stop band and pass band Using

0
0

Impulse invariant technique
Approximation of derivatives

o

Bilinear transformation technique

+ m Sx :r.\ O075x : .1’

Figure 5.8: Frequency response plot of the example
Solution:-
a) Impulse Invariant Technique

From the given digital domain frequency, _nd the corresponding analog domain frequencies.

i = ¥ and (2, =%

Where T is the sampling period and 1/T is the sampling frequency and it always corresponds
to 2I1 radians in the digital domain. In this problem, let us assume T = 1sec.
Then Qc = 0:5IT and Qs = 0:75I1

Let us find the order of the desired filter using
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. (&=
- 2log(F)

Where 92 is the gain at the stop band edge frequency ws.

=15 dB = 20log &

. log(grmr -1

T 2l0a(5E)

Order of filter N =5.
Then the 5 poles on the Butterworth circle o

So
=1
HE+18) = —1.57 +50.0
0.5xc) ¥+8) - —1.27 - jo.023
Sae 34T = —0.485 — j1.493

Then the filter t function in the analog domain is

|

L) = 714935+ 1.27 — J0923)(s + L67) (5 + 1.27 + 0.923)(s + 0485 + j0,923)

{3+
LA

k=1 ‘E - b‘.)

re Ax's are partial fractions coefficients of Ha(s).

Finally, the transfer function of the digital filter is

5

H(z) = ; Tl—%r). where s,'s are the poles on the Butterworth circle
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b)
H(2) = Hy(8) |, _soemt

—5—=l-z-!

)—E(l-"""‘k)

c) For the bilinear transformation technique, we need to pre-warp the digital frequencie
into corresponding analog frequencies.

Le., = Ztan(¥)

Then the order of the filter

The pole locations on t erwort le with radius Qc = 2 are

2 F+T) = —1.414 + j1.414

235+ = —1.414 — j1.414

Then the filter tra function in the analog domain is

1
(s+ L414 — j1.414)(s + 1414 + j1.414)

H,(s) =

Finally, the transfer function of the digital filter is
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H(z) = H,(s) l'-*ll ==t !‘:,:1

H(z) = '
(2 4 1414 — A1) (20 + 1414 + j1.414)

Question 2

Design a digital filter using impulse invariant technique to satisfy
characteristics

(1) Equiripple in pass band and monotonic in stop band

(ii) -3dB ripple with pass band edge frequency at 0:5I1 radians.
(iii) Magnitude down at least 15dB at 0:75 II radians.

Solution: Assuming T=1,Q=0:5ITand s=0:75TI1

The order of desired filter is

when
20 log ﬁ = =3|mbord B
e 10log(1 + €*) = 3dB
= 1079 —1 = 09052
€ = 0.9976
and

20logdy = —15 dB

Page 70



Digital Signal Processing

Jy = 107%™ = 0.1778

Hence

[(/1— (0.1778)2 + /1 — (0.1778)2(1 + 0.9952)) /0.9976 x 8]

log[%2= + /(%2=)2 — 1]

= 248

12

3

The order of filter, N = 3.

The 3 poles on the ellipse are determined by

g2—1
23

(1.341)2 — 1
2 x 1.341

Q,
0.57 %

0.469

2k +1
o, )

2 ON =12

Ok =
The poles are at

Sp = T9 COS¢k +j~r1 sin ék
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8y = 04469(‘03(%) + 1 .Gaosin(i:—)

—=0.2345+ 41419

s = 0469 cos(m) + 31.639su(r)

= =469 + j0.0

5y = O.olﬁi)cm(sﬂ-—“)-o-jl.(i

= —0.2345 — 71.41

The analog filter transfer function is given by

160) + (& + 0.2345 + 1.419)

where A.'s are the

Finally, ansfer function is given by

3 A.
Hiz) = .z_l“—_;r,,)'
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Question 3

An IIR digital low-pass filter is required to meet the following specifications:

Passband ripple (or peak-to-peak ripple): < 0.5 dB

Passband edge: 1.2 kHz
Stopband attenuation: > 40 dB
Stopband edge: 2.0 kHz
Sample rate: 8.0 kHz

Use the design formulas in the bock to determine the required filter order for

(a) A digital Butterworth filter
(b) A digital Chebyshev filter
(c) A dignal elliptic filter

Solution:-
For the design specifications we have
€ = 0.349
6§ = 99.995
1.2
2
iFa = 5 = 0.25
wp __
Q, — 2!011-—2-— = 1.019
L, = 2tan—"—u—' = 2
2
n g = 286.5
2,
= 1.963
QP
x(n) +
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x(n) 354 Y + ..............g ........... y(‘)
-1
r! '
0.5 1 a2
!
logn
s > ——=8393 =2 N=9
Butterworth filter: Nppip 2 Togk
cosh™'n
: - — =490 )
Chebyshev filter: Ny 2 o h Tk o
1
k(L) k(y/1-57)
Elliptic filter: Npgin 2 ( P = N=4

Question 4

T K-

Determine the system function H(z) of the Towest-order Chebyshev digital filter that

meets the following specifications:

(2) 1-dB ripple in the(passband 0 < jw) = 0.24x.
(b) At least 50-dB attenuation in the stopband (.357 < |w| < x. Use the bilinear

transformation.
Solution:-

Passband rnipple = 0.5dB = ¢ = 0.349

Stopband attenuation = 50dB

Nmin

I

v

0.24~r

0.35x

2:an1’22 = 0.792
ﬁan%’— = 1.226
-6- = 906.1

¢

9—' = 1.547

Qp

cosh~'n _ 7.502
cosh='k ~— 1.003

=748 = N =8
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Implementation of Discrete-Time Systems

6.1 Introduction
The two important forms of expressing system leading to different realizations of FIR & 1IR
filters are

a) Difference equation form

y(n) :-Zk:?k y(n—k) + Zkl?k x(n —k)

b) Ration of polynomials
M

k

bz
HZ)=—"*%
1+ZakZ_k
a1

k

The following factors influence choice of a specific realization;
Computational complexity

Memory requirements

Finite-word-length

Pipeline / parallel processing

6.1.1 Computation Complexity

This is do with number of arithmetic operations i.e. multiplication, addition & divisions. If
the realization can have less of these then it will be less complex computationally.
In the recent processors the fetch time from memory & number of times a comparison between
two numbers is performed per output. sample is also considered and found to be important
from the point of view of computational complexity.

6.1.2 Memory requirements

This is basically number of memory locations required to store the system parameters,
past inputs, past outputs, and any intermediate computed values. Any realization requiring less
of these is preferred.

6.1.3 Finite-word-length effects

These effects refer to the quantization effects that are inherent in any digital
implementation of the system, either in hardware or in software. No computing system has
infinite precision. With finite precision there is bound to be errors. These effects are basically
to do with truncation & rounding-off of samples. The extent of this effect varies with type of
arithmetic used(fixed or floating). The serious issue is that the effects have influence on
system characteristics. A structure which is less sensitive to this effect need to be chosen.
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6.1.4 Pipeline / Parallel Processing

This is to do with suitability of the structure for pipelining & parallel processing. The
parallel processing can be in software or hardware. Longer pipelining make the system more
efficient.

6.2 Structure for FIR Systems:
FIR system is described by,

y(r) = Xbx(n - k)

Or equivalently, the system function
M-1

H@Z)=2bhZ™
k=0

(b 0<n<n-1
Where we can identify h(n) =1 »

0 otherwise
Different FIR Structures used in practice are,
1. Direct form
2. Cascade form
3. Frequency-sampling realization
4. Lattice realization

6.2.1 Direct — Form Structure
Convolution formula is used to express FIR system given by,
M -1

y(n) = gh(k) x(n—k)

e |t is Non recursive instructure

Y hiD) hil) h(2) hi3) 7 him-2) him-1)

W ' 4 \ \
X © L ® ®

e As.can be seen from the above implementation it requires M-1 memory locations for
storing the M-1 previous inputs

e It requires computationally M multiplications and M-1 additions per output point
It is more popularly referred to as tapped delay line or transversal system
Efficient structure with linear phase characteristics are  possible where
h(n) =+h(M -1 —n)
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Prob:
Realize the following system function using minimum number of multiplication

(1)H(Z)=1+—1Z‘l wiz oty e g
3 4 4 3

We recognize h(n) = fl‘_l E _1 } 1
L 34 43 ]
M is even = 6, and we observe h(n) = h(M-1-n) h(n) ='h(5-n)
i.e h(0) = h(5) h(1) = h(4) h(2) Direct form =h(3)
structure for Linear phase FIR can be realized
) i
I I_I Z_I
> 9 B
Q & ®©  [=
- ™ x(n-4)
X '_,H'S) = 2 :-:'i,n-E: .
yin) 1 @ T ievs Y h(2)=1/4
s S

Exercise: Realize the following using system function using minimum number of
multiplication.
Ho, Lo 11 1 1 1
)=4+471+43722 +273-205-3Z2Z5—4 77—
111 1 1 1
=g =, -t

odd symmetry
h(n) = -h(M-1-n); h(n) = -h(8-n); h(m-1/2) =h(4)=0
h(0) =-h(8); h(1) =-h(7); h(2) =-h(6); h(3) =-h(5)
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x(n-1) x(n-4)
«n) . 5
if'/p
-t x(n-7) -1 x(n-5)
T—I
Y hi T hit)=1/4 " h(2)=1/3 T hi3=1/2 ¥
yln) i R s
L Be—LK ®4

o/p

6.2.2 Cascade — Form Structure

The system function H(Z) is factored into product of second — order FIR system
K

HZ)=1IHk@)
k=1

Where H (Z)=b +b Z'+b 724 k=1,2,...K
k k2

k0 k1
and K = integer part of (M+1) / 2
The filter parameter bo may be equally distributed among the K filter section, such that bo
= b1o b2o .... bko or it may be assigned to a single filter section. The zeros of H(z) are grouped
in pairs to produce the.second — order FIR system. Pairs of complex-conjugate roots are
formed so that the coefficients {bki} are real valued.

®(n) =X1(n) y g Yo ¥, (N Y, n)=y(n)
2 X - >
i X ()
X (n)
z} *z! r
Jbee bk bk2

Vi(N)=X,4(N)
+ +
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In case of linear —phase FIR filter, the symmetry in h(n) implies that the zeros of H(z)
also exhibit a form of symmetry. If zk and zk* are pair of complex — conjugate zeros then
1/zk and 1/zk* are also a pair complex —conjugate zeros. Thus simplified fourth order
sections are formed. This is shown below,

H (@=C,,l-z,z")1-z *z")1-z"1z,)1-2"1z,.)

—_ -1 -2 -3 -4
=C,,+tCuz +C 27 +C 727 +12

X N
n) —— | > |

[ =
zZ-1 } zZ-1
v CSko v Sk Cro
© B o

Problem: Realize the difference equation
y(n) = x(n) + 0.25x(n —1) + 0.5x(n — 2) + 0.75x(n— 3) + x(n — 4)
in cascade form.

Y(2)=X(2){1+0.25" #0.52 > +0.752° +z* )
H(z)=1+0.252" +0.52 2+ 0.75z-3+z*

Soln:
H(z)=(1-1.1219z * +1.2181z ?)(1 +1.3719z ' + 0.821z°?)
H(2)=H,@9H (9
71 71 ol z!
1 -1.1219 1.218 1 1.13179 0.821
() i b 4 &

6.3 Frequency sampling realization:

We can express system function H(z) in terms of DFT samples H(k) which is given by

ol H(K
=01 )y 2y oy
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This form can be realized with cascade of FIR and IIR structures. The term (1-z'N) is realized

1E H(®K
WZ1—W k71

k=0 N

as FIR and the term as IIR structure.

The realization of the above freq sampling form shows necessity of complex arithmetic.
Incorporating symmetry in h(n) and symmetry properties of DFT of real sequencesthe
realization can be modified to have only real coefficients.

o)

x(n)

y(rl)

6.4 Lattice structures
Lattice structures offer.many interesting features:

1. Upgrading filter orders is simple. Only additional stages need to be added instead of
redesigning the whole filter and recalculating the filter coefficients.
2. These filters are computationally very efficient than other filter structures in a filter

bank applications (eg. Wavelet Transform)
3. Lattice filters are less sensitive to finite word length effects.

Consider

H(2) = x(()) 1+Zam(|)z

m is the order of the FIR filter and am(0)=1

whenm=1 Y(2)/ X(z) =1+ ai(1) 7
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y(n)= x(n)+ az(1)x(n-1)
f1(n) is known as upper channel output and r1(n)as lower channel

output. fo(n)= ro(n)=x(n)

fi(n)
0 o +) »f,(n)=y(n)

k1

X (n)

& + *I,(n)

The outputs are

fl (n)=f . (n) + kl g(n -1) la
r (n)=k fo(n) +r 0(n -1) 1b
if k =a(l),then f(n)=y(n)

If m=2

Y_(Z)=1+a2(1)z_1+a2 (2)2_2

X (2)
y(n) = x(n) + az ()x(n =1) + ap (2)x(n — 2)
y(n) =fy (n) +kx 1y (0 -1) )

Substituting 1a and 1b in (2)

y(n) =fo (n) +kuro (N —1) +ka [k fo (N =1) + ro (n - 2)]
= fo (n) + klro (n —1) + k2 kl fo (n —1) + k2 o (n — 2)]
Sin ce fo (N) =g (n) = x(n)
y(n) = x(n) + kg X(n —=1) + ko kg x(n 1) + ko x(n — 2)]
=X(n) + (k1 + kiko )x(n =1) + ko x(n = 2)

We recognize

R — ——————— ————————————————————————————————————————————————————————————————————————————————
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a )=k +kk
2 1 1 2
a,(1)=k

Solving the above equation we get

k=20  andk za (4)
L 1+a,(2) 2o

Equation (3) means that, the lattice structure for a second-order filter is simply a cascade of

two first-order filters with k1 and k2 as defined in eq (4)

fy(n)

VY

f2(n)=y(n)

> 1y(n)

Similar to above, an Mth.order FIR filter can be implemented by lattice structures with

M — stages

fy(n) h(m) ’ ﬂﬂ) ......
p— Stage 1 Stage 2

rD(n)' - N _’rg(n.)“m
8.4.1 Direct Form —I to lattice structure
Form=M,M-1, ........... 2, 1do
Km =am (m)
a1 (i) = (')_almfmﬁm M=) gcicm-1

Stage
(M-1)

1 fua(n)=y(n)

Ny1()
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e The above expression fails if km=1. This is an indication that there isa zero on the unit
circle. If km=1, factor out this root from A(z) and the recursive formula can be applied
for reduced order system.

form=2andm=1
k =a (2) & k =a(l)
2 2 1 1

form=2&i=1
a(l):az(l)—az(Z)az(l) — az(]-)[l_az(z)]: a,(1)
! 1-k 2 1-a% (2 1+a,(2

Thus k = 22
1+a, (2)

8.4.2 Lattice to direct form —I
Form=1.2,....... M-1

a,(0)=1
a,(m=Kk,
a,()=a,,@+a,(ma, (m-i) I<i<m-1

Problem:

Given FIR filter H (Z)=142Z *+ 1Z2 obtain lattice structure for the same
Given a1 (1)=2, a2 (2) = y

Using the recursive equation for
m=M, M-1, ....4. ,2,1

here M=2 therefore m=2, 1
itm=2 ko =ax(2)= V3

ifm=1k: =ai(1)
also, when m=2 and i=1

1) = 32(1) — 2 :§
Q 1+a,(2) 1+7 2

H k =a(l)="
ence . a(l) /2

¥n)

i}
(A
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Recommended questions with solution

Problem:1
. C e . . 1 1 1 )
Consider an FIR lattice filter with co-efficients k.= X ko = 3 ks = 7 Determine the FIR
filter co-efficient for the direct form structure
(HZ)=as(0) +as(1)Z " +a: (2)Z “+a: (32" )
_ v 1
a,(0)=1 aJ$—k3-7{ 2, (2)=ks =3
a()=k =21
1 1 2
form=2, i=1

2,0=a()+a @a()

1]
=a (DL +a (2)]=7, 1t —|
3]
_4 2
6 3

for m=3, i=1
a,;(1)=a,()+a,@)a,(2)

2 1.1
N

3 43

2 1_8+1
=— 4+ = -
3 .12 12
=9._3

12 4

form=3 & i=2

a3 (2)=a2(2) +az (3)az (1)
1 12

43

1 2+

6

[EEY

6
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_s_1
6 2
3 1 1
a,(0)=1, ,W=5, a@=5, 0=,
xin) J 5 _ = T
¥ (0= ajll=3/4 fa 2)=12
Pt Ve y(n)

6.5 Structures for IR Filters

The IR filters are represented by system function;
M

-k

bz
H(Z) = k:ON

1+ Z akz "
k=1
and corresponding difference equation given by,

y(n) = —kZ;ak y(n —k) + Zktoak x(n — K

Different realizations for lIR filters are,

1. Direct form-I
2. Direct form-11
3. Cascade form
4. Parallel form
5. Lattice form

6.5.1 Direct form-I

This is a straight forward implementation of difference equation which is very simple.
Typical Direct form — | realization is shown below . The upper branch is forward path and
lower branch is feedback path. The number of delays depends on presence of most previous
input and output samples in the difference equation.
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7—] : E_I ARG S R | Z—I
xin) /JZ\ l\ l
Q + \i/, /’-4:\ .\\-I;). = yinl

6.5.2 Direct form-11
The given transfer function H(z) can be expressed as,

H () = Y (2) =V(z). Y (2)
X@ X@ V(@
where V(z) is an intermediate term. We identify,

Vi@ = . v all poles
X@) 1+ a2 "

Y (Z) ( M \\

= 142k K| e all zeros
V(2) \ k=1 )

The corresponding difference equations are,

v(n) =x(n) — Zak v(n —k)

y(n) = v(n) + glbk v(n=1)
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x(n)

B (+) (+)
7 hl
= = +
_a I
! y b 2
T T i
rum T
I A :
+ J9 zl_l Zli Vb
? [ | M-+

ealization requires M+N+! multiplications, M+N addition and the maximum of
memory location

6.5.3 Cascade Form

The transfer function of a system can be expressed as,
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H@=H @H @..H 2

Where H«(Z) could be first order or second order section realized in Direct form — Il form
ie.,
b +b Z Rt b 7z

H Z — ko0 KL — k2

where K is the integer part of (N+1)/2

Similar to FIR cascade realization, the parameter bo can be distributed equally among the
k filter section Bo that bo = biob2o.....bko. The second order sections are required.to realize
section which has complex-conjugate poles with real co-efficients. Pairing-the two complex-
conjugate poles with a pair of complex-conjugate zeros or real-valued zeros to form a
subsystem of the type shown above is done arbitrarily. There is.no specific rule used in the
combination. Although all cascade realizations are equivalent for infinite preeision arithmetic,
the various realizations may differ significantly when implemented with finite precision
arithmetic.

6.5.4 Parallel form structure

In the expression of transfer function, if N.= M we can express system function
N A n=C+
= ST H(Z
H(Z) C+Zk:1 1_pkzl Z k(k21
Where {pk} are the poles, {Ax} are the coefficients in the partial fraction expansion, and the

constant C is defined as C = by /an., The system realization of above form is shown below.

«(n) H'(Z) —B-G)

¥

(7 ) $ . M '
TS

kN4
K

b +b Z-

Where H(Z) = -
() 1+a,Z2  +a,,7-
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Once again choice of using first- order or second-order sections depends on poles of the
denominator polynomial. If there are complex set of poles which are conjugative in nature then
a second order section is a must to have real coefficients.

Problem 2

Determine the

(i)Direct form-I (i) Direct form-11 (iii) Cascade &
(iv)Parallel form realization of the system function

1 2
Z)= \ 2\, ( 3
H(Z) PR\ K==

0(1+ 5zt —2z2+22%)
_gz _1+ﬂZ_2— gZ_3 +732_4)
8 32 32 64

(-14.75-12.9027') (2450 26.827 )
_l_

(1+7z‘1 + 3
8 32

H(2) =

77%) (k-2 ‘1+;z‘2)

Uiregt Form |

> ECO
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Aw o ! %y Lod
i e
W Uirect Form I
f‘J -
AN ;. ‘&
z!
ey

Cascade Form
H(z) = Hi(z) Hz(2)
Where

H 1(2) =
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Parallel Form
H(z) = Hi(z) + H2(2)

(-14.75-12.90z ) (24.50+ 26.822 )

7 3 1
1+ z7t4 7772 1-7t+ =77
( 8 32 ) ( > )

H(2) =

(~)
2D J

Problem: 3
Obtain the direct form — I, directform-1I
Cascade and parallel form realization for the following system,
y(n)=-0.1 y(n-1)+0.2y(n-2)+3x(n)+3.6 x(n-1)+0.6 x(n-2)

Solution:
The Direct form realization is done directly from the given i/p — o/p equation, show in below
diagram

Direct form —I1 realization
Taking ZT on both sides and finding H(z)

Y(z) _3+36z 10627

Xz 1+01z 10272

H ()=

Page 92



Digital Signal Processing

Miny

Cascade form realization
The transformer function can be expressed as:

H (@ = (3+06z7")(1+z7")
(1+052°)1-04z7)

which can be re written as

3+06z7" Ltz
where Hi(z2)= ——= andH: (2)=——=

1+0.52 1-0.4z

- .
\ (R o
| -
r L. m-
1
'

T ¥ ” 4

I - S T
. M, 1=y

et e - - -

A Ay e » ~

Parallel Form realization

The transfer function can be expressed as
H(z) = C + Hi(z) + H2(z) where Hi(z) & Hz(z) is given by,

7 1

H(z)=-3+
@ 1-04z"' 1+057°
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6.6 Lattice Structure for IR System:

Consider an All-pole system with system function.

Hz)=— 1 =_ 1
1+ Yanz ™ M@)

The corresponding difference equation for this IIR system'is,
vy(n) = -2z (k ) y(n
— k) +x(n) k=1
OR
nx(n), = y(n) +
D an (k)N — Kk ) ket

For N=1

x(n) =y(n) +az (1) y(n -1)
Which can realized-as,

— ~ - Ny = «f—ntm
fin 75
Ki \
A

4—AE ' Foln)

A (n) ‘
We observe

xm=*f (n)

y(n) =fo (n) =f1 (n) — ki go (N 1)
= x(n) ~ky(n -1)
gl(n) = klfo(n) +9, (n-1)= kly(n) +y(n-1)
For N=2, then
y(n) =x(n) —az (1) y(n -1) —az (2) y(n — 2)

- X
Il
W
—
H
N
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This output can be obtained from a two-stage lattice filter as shown in below fig

'ro(“)‘{

'{—‘ (™D lx/'\L

P -
\ 7
Yl

f,(n) =x(n)

fl(n) =f 2(n) - k2 gl(n -1)
g,( =k f(n)+g (n-1)
fo(n) =f 1(n) - klg O(n -1)
g M=k fm+g (1-1)

y(n) =fo(n)=go (n) =1 (N)=ka go (n-1)
=f2(n) —kz2 91 (n-1) = ki go (N'=1)
=f2(n) —ko[ks fo (n=1)+go.(n - 2)]- ks go (1)
=x(n) — kz [k y(0 1) + y( =2)]= ks y(n -1)
:x(n)—k$1+k Ay -1) -k y(n-2)
Similarly
g, =k Y@ + k (1+k ) y(n-1) +y(n - 2)
We observe
aZ(O) =1;a 2(1) = k1(1+ k 2); a 2(2) =k )
N-stage IIRAfilter realized in lattice structure is,

fn (n) =x(n)
f m-1 (n) =f m (n) - km Om-1 (n _1) m=N, N-1,---1
Om (N) =Km fm—1 () + gm-1 (N -1) m=N, N-1,---1

Page 95



Digital Signal Processing

y(n)=f (n)=g(n)
0 0
8.6.1 Conversion from lattice structure to direct form:

a,(m=k, ; a,0)=1
a,(kK=a,, Kk +a,(ma,,(m-k)

Conversion from direct form to lattice structure
a,,0)=1 k., =a,(m)

= am (k)_am(m) am(m_k)
1-a;(m)

am—l (k)

6.6.2 Lattice — Ladder Structure:

A general 1IR filter containing both poles and zeros can be realized using an all pole
lattice as the basic building block.

If,
M
bw (K)Z
HZ)=B,Z)= kz_;‘) v (K)
A (Z) N
N 14 D an(k)Z ~
k=1
Where N> M
A lattice<structure can be constructed by first realizing an all-pole lattice co-efficients
km , 1<m<N for the denominator An(Z), and then adding a ladder part for M=N. The

output of the ladder part can be expressed as a weighted linear combination of {gm(n)}.
Now the output is.given by
M

y() =2 Cndm(N)

m=0

Where {Cm} are called the ladder co-efficient and can be obtained using the recursive relation,

Cn=bn — 2.Ciai (i —m); m=M, M-1, ....0

i=m+1
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fu. ) i £
N-1{% n)
; endme
kl
-k’
£ e 7! i 7!
\ N NI ¢, &
L + - - + +

Problem:4

Convert the following pole-zero IIR filter i
-1 -2 -3

H@Z)= 14227 +227°+Z

1+ EL_]_-F §L_2+J_L_3
24 8 3

lattice ladder structure,

Solution:

Givenbw (Z)=1+2Z"+2

And A (Z)=1+uZ+
N 24

a0)=1, a(l)=13 4
3 3 24

Using the equati
m (k) — am (M)am (M — k)
1-a“m(m)

for m=3, k=1

_a()-a,)a;s () FH-—s_ s
T=az(3)  ~I-(, 2 °
3 3
k=2
ay(2) =ky = 23(2) a3 (3)as (1)
1-a3° (3)

for m=2, & k=1
a(l)=k =20)-2Qa @)
' 1 1-2,° (2)
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3_ "3 373 _
n8 —8 16 _1
1 ( 1)2 1= 4
4
for lattice structure k1= 4, k=2, k =
1 1 1
3 3
For ladder structure
Cr =bm — ch a; (1—m) m=M, M-1,1,0
i=m+1
C3=b_1, C2= C a(l)
M=3 =2 -1?Z 1 ) = 1.4583 ’

3
Ci=bi—Dciai(i—m) m=1
i=2
=b - [Czaz(l) + c3a3(2)]

-[(14583)( 3)+5]1=0.8281
. 6 . 8 - 8
¢ =b- Ca (| —-m)

—b —[ca(1)+ca (2) +ca, 3)]
. ® [08281( 1) +1. 4583( 1) + 1]—

To convert a lattice- ladder form into e find an equation to obtain
2y, i rCn IS recursively used to compute by,

fym

Y

Problem 5
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A z-plane pole-zero plot for a certain digital filter is shown in figure 7. The filter has
unity gain at DC. Determine the system function in the form

(1 +a,z7)( +b,z7% +b,27%)
A+c,z ) +dyz7 +d,z72)

A, a,,by,b,,c,,d, and d,. Sketch the direct form-II and cascade realizatio t
system.

giving the numerical values for paramet

H(z):A[

=15 }Im@)

Sol. :

(1~4-z'1)(]+22’1 +z'2)
l—lz'1 l—lz'l+lz'1
2 2 4
= 1

%’“l =1,b,=2,b, =1, =_%'d1 ="%anddz =%
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X(n) 3/64

x(n)

Fig. 8 (b)

Question 6

er a FIR filter W|th system functlon

z) = 1+2.82 77! +3.40482-° +1.747" >, Sketch the direct form and
ice realizations of the filter.
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Sol. : A,(2) = H(z) = 1428227 +3404827% +17427
By(z) = 17443404827 +282:7 427

Hence k3 = 1.74
A,4(2)-k;B4(2)

A,(2) =
: 1-k2
_ 14282:7 43404827 +17427 30276 -592432 " - 49068481 742~
(-20276)
_ D20076-31043: ' 150227
(~2.0276)
B,(z) = 07407 +1531z7" +272
k, = 07407
A,(2)-k,B,(z
Al(Z) = 2( ) 22 2( )
1-k
2 - 054861134z - 07407z
04514
kl
" Direct formfi

1.74

y(n)

Fig. 5
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Lattice realization :
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Digital Signal Processing

DESIGN OF IR FILTERS FROM ANALOG FILTERS
(BUTTERWORTH AND CHEBYSHEV)

8.1 Introduction
A digital filter is a linear shift-invariant discrete-time system that is realized using finite

precision arithmetic. The design of digital filters involves three basic steps:

The specification of the desired properties of the system.
The approximation of these specifications using a causal discrete-time system.

The realization of these specifications using _nite precision arithmetic.

These three steps are independent; here we focus our attention on the second step.
The desired digital filter is to be used to filter a digital signal that is derived from an analog
signal by means of periodic sampling. The speci_cations for both analog and digital filters are
often given in the frequency domain, as for example in the design of low

pass, high pass, band pass and band elimination filters. Given the sampling rate, it is straight

|H(ed®)|
1 . i
5 i
\/\ :
159, : |
i
|
i
i
= i
Passband =~ | Transigion band i Stop band
. 1
i
i
|
j
- M ;;;;;;;;;;;;;;;;;;; :\/—\,/‘\
o W T a

forward to convert from frequency specifications on an analog _lter to frequency speci_cations
on the corresponding digital filter, the analog frequencies being in terms of Hertz and digital

frequencies being in terms of radian frequency or angle around the unit circle with
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the point Z=-1 corresponding to half the sampling frequency. The least confusing point of
view toward digital filter design is to consider the filter as being specified in terms of angle

around the unit circle rather than in terms of analog frequencies.

Figure 7.1: Tolerance limits for approximation of ideal low-pass filter

A separate problem is that of determining an appropriate set of specifications on the digital
filter. In the case of a low pass filter, for example, the specifications oftentake the
form of a tolerance scheme, as shown in Fig. 4.1

H(e™ b2, W, S|lw|< =

Many of the filters used in practice are specified by such a tolerance scheme, with no constraints
on the phase response other than.those imposed by stability and causality requirements; i.e., the
poles of the system function must lie:inside the unit circle. Given a set of specifications in the form
of Fig. 7.1, the next stepcis to and a discrete time linear system whose frequency response falls
within the prescribed tolerances. At this point the filter design problem becomes a problem in
approximation. In the case of infinite impulse response (IIR) filters, we must approximate the
desired frequency response by a rational function, while in the finite impulse response (FIR) filters

case we are concerned with polynomial approximation.

7.2 Design of 1IR Filters from Analog Filters:

The traditional approach to the design of IIR digital filters involves the transformation of an
analog filter into a digital filter meeting prescribed specifications. This is a reasonable
approach because:

The art of analog filter design is highly advanced and since useful results can be
achieved, it is advantageous to utilize the design procedures already developed for
analog filters.

Many useful analog design methods have relatively simple closed-form design formulas.
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Therefore, digital filter design methods based on analog design formulas are rather simple to
implement.
An analog system can be described by the differential equation

YM ds* oy (s
”J\' ..;\‘ e
\_‘ v s K r g
ok 1
e e e 7.2
The corresponding description for digital filters has the form
N M
T‘ulj) ) S'ts 80 A)
i k )
----------------------------- --7.3
and the rational function
T-"", 1“ k ).‘ .
R TS agy 7 |
k= . B, -/ e 7.4

In transforming an analog filter to a digital filter we must therefore obtain either H(z)or h(n)
(inverse Z-transform of H(z) i.e., impulse response) from the analog filter design. In such
transformations;"we want the imaginary axis of the S-plane to map into the finite circle of the
Z-plane; a stable analog filter should be transformed to a stable digital filter. That is, if the
analog filter has poles only in the left-half of S-plane, then the digital filter must have poles

only inside the unit circle. These constraints are basic to all the techniques discussed

7.3 IR Filter Design by Impulse Invariance:
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This technique of transforming an analog filter design to a digital filter design corresponds to
choosing the unit-sample response of the digital filter as equally spaced samples of the impulse
response of the analog filter. That is,

hin) = h,(nT)

)

7.5 Where T is the sampling period. Because of uniform sampling, we have
| ~ 2%

H (37 — N H Q2+ j—k)
T &~ T
e 7.6
Or
l ™~ ;l—
H(2) |ymest S H.(s+ j—4h
e !
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Figure 7.2: Mapping of s-plane into z-plane

Where's = jo and Q=w/T, is the frequency in analog domain and o is the frequency in digital
domain.

From the relationship Z = eST it is seen that strips of width 27/T in the S-plane map into the
entire Z-plane as shown in Fig. 7.2. The left half of each S-plane strip maps into interior of the
unit circle, the right half of each S-plane strip maps into the exterior of the unit circle, and the
imaginary axis of length 2/T of S-plane maps on to once round the unit circle of Z-plane.
Each horizontal strip of the S-plane is overlaid onto the Z-plane to form the digital filter
function from analog filter function. The frequency response of the digital filter is related to
the frequency response of the
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Figure 7.3: Illustration of the effects of aliasing in thedmpulse invariance technique

analog filter as

ke " 27
He) == Y H.(j2 + j=ak
T & “UT T

S EE—— 7.8

From the discussion of the sampling theorem it is clear that if and only if

H,(ijQ)) = 0, IQIZ%
Then
i _l % G
,/‘l '—TI‘-H\'I"IF)' 1.. |

Unfortunately, any practical analog filter will not be band limited, and consequently there is
interference between successive terms in Eq. (7.8) as illustrated in Fig. 7.3. Because of the
aliasing that occurs in the sampling process, the frequency response of the resulting digital
filter will not be identical to the original analog frequency response. To get the filter design
procedure, let us consider the system function of the analog filter expressed in terms of a
partial-fraction expansion

Ay

S Sk

Hao(s) =)

1 1

e S ——— - 7.9

The corresponding impulse response is

I EEETEEEEEE——
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N
]."‘ l) \‘.\Ar.'rf.l,‘u

o

= S — - 7.10

And the unit-sample response of the digital filter is then

The system function of the digital filter H(z) is given by

H(z) =" L
_.1 !._

. (._-(I)'.

In comparing Egs. (7.9) and (7.12) we observe thata pole at s=sk in the S-plane transforms to

a pole at expS in the Z-plane. It is important to recognize that the impulse invariant design
procedure does not correspond to a mapping of the S-plane to the Z-plane.

8.4 IR Filter Design By Approximation Of Derivatives:

A second approach to design.of a digital filteris to approximate the derivatives in Eq. (4.1) by
finite differences. If the samples are closer together, the approximation to the derivative would
be increasingly accurate: For example, suppose that the first derivative is approximated by the
first backward difference

u’q,,lf) yin) yin 1)

dt

. N\aa 4]

Where y(n)=y(nT). Approximation to higher-order derivatives are obtained by repeated
application of Eq.(7.13); i.e.,

4 Je-1,, |
"*!{‘\’:“ t—n'l iﬂ#':‘ o — -Vi yin V"T; .”.,'[.ww
dt i dk—1
- ----7.14
For convenience we define
v }'-,C:v ‘ uin)
----------------------------- ---7.15
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Applying Egs. (7.13), (7.14) and (7.15) to (7.1), we obtain

N \J

\‘ o';..v k yin) : vi).vl":. rin;

—

A { k0

Where y(n) = ya(nT) and x(ne = xa(nT). We note that the operation A(l) [Tisa Iin?ﬁr shift-
invariant operator and that A" ’[ ] can be viewed as a cascade of (k) operators A '[]. In
particular

ZIVW z(n =X (3)
And
7217 [2(n) l"'I‘\ !

Thus taking the Z-transform of each side in Eq. (7.16), we obtain

\‘{ f{;ii

H(z) = ——— L&
=0 Nexl g " 717

P ‘G . Nttt bbbl

Comparing Eq. (7:17).to _(7.2), we observe that the digital transfer function can be obtained
directly from the analog transfer function by means of a substitution of variables

l . "l

-

LA 718

So that, this technique does indeed truly correspond to a mapping of the S-plane to the Z-
plane, according to Eq. (7.18). To investigate the properties of this mapping, we must express
z as a function of s, obtaining

1
| —sT

Substituting s = jQ, i.e., imaginary axis in S-plane
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Which corresponds to a circle whose center is at z =1/2 and radius is 1/2, as shown in Fig. 7.4.
It is easily verified that the left half of the S-plane maps into the inside of the small circle and
the right half of the S-plane maps onto the outside of the small circle. Therefore, although the
requirement of mapping the jQ-axis to the unit circle is not satisfied, this mapping does satisfy
the stability condition.

IQ et —
P ~.  z-plane
. N

3
s/ N
s~plane / N\

Figure 4.4: Mapping of s-plane to z-plane corresponding to first backward-
difference approximation to the derivative

In contrast to the impulse invariance technique, decreasing the sampling period T, theoretically
produces a better filter since the spectrum tends to be concentrated in a very small region of
the unit circle. These two procedures are highly unsatisfactory for anything but low pass
filters. An alternative approximation to the derivative is a forward difference and it provides a
mapping into the unstable digital filters.

8.5 IIR Filter Design By The Bilinear Transformation:
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In the previous section a digital filter was derived by approximating derivatives by differences.
An alternative procedure is based on integrating the differential equation and then using a
numerical approximation to the integral. Consider the first - order equation

c1y,(t) + coyalt) = dozx,(t)

S — e 7.20

Where y’a(t) is the first derivative of ya(t). The corresponding analog system function is

”'H

l“‘ll\

H,(s)

We can write ya(t) as an integral of y’a(t), as in

Yall) / u,(t)dt + ya(lo)
Jr

In particular, ift=nT and to=(n - 1)T,

y
10 1

yu(nT) / YulT A7 + ya((n l)T‘l

If this integral is approximated by a trapezoidal rule, we can write

Yol tT') = yol(n — RYIY ’f-[y;(.'rl ) 4 'r/‘llw 1)T)

However, from EQ. (7.20),

”'H

- G T
"l’.;:"'l /S __uy\ll”T)~ ——‘-‘l'v"] ]
L 1

Substituting into Eg. (4.21) we obtain

’. 0 "," |
oA \
)

\u:in)- yin 1) —lyin)+yn-— 1)) + —(z(n) + xrin ll.;

XE S —— S %
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From Eq. (7.22) it is clear that H(z) is obtained from Ha(s) by the substitution

21
'l 4

That is,

H(z) = Ha(s) |
o S 7.24

This can be shown to hold in general since an Nth - order differential equation of the form
of Eq. (7.1) can be written as a set of N first-order equations. of the form of Eq. (7.20).
Solving Eq. (7.23) for z gives

-5 e - 7.25

The invertible transformation of Eq. (7.23) Is recognized as a bilinear transformation. To see
that this mapping has the property that the imaginary axis in the s-plane maps onto the unit

circle in the z-plane, consider z = ejm, then from Eg. (7.23), s is given by

21 p—J&
A

~|t

= ¢ Jw

s J%)
f .“:“\w‘ r4

i N(u)/?"

Sthu (. 10)

[ e

T ‘(-z
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Figure 7.5: Mapping of analog frequency axis onto the unit circle using the bilinear
Transformation

Thus for z on the unit circle, 6 = 0 and Q and.o are related by

T Q/2 =tan
(0/2) or

©=2tan (T Q)

This relationship is plotted<in Fig.(7.5), and it is referred as frequency warping. From the
_gure it is clear that the positive and. negative imaginary axis of the s-plane are mapped,
respectively, into the upper and lower halves of the unit circle in the z-plane. In addition to the
fact that the imaginary axis in.the s-plane maps into the unit circle in the z-plane, the left half
of the s-plane maps to the inside of the unit circle and the right half of the s-plane maps to the
outside of the unit circle, as shown in Fig. (7.6). Thus we see that the use of the bilinear
transformation yields stable digital filter from analog filter. Also this transformation avoids the
problem of aliasing encountered with the use of impulse invariance, because it maps the entire
imaginary axis in the s-plane onto the unit circle in the z-plane. The price paid for this,
however, is the introduction of a distortion in the frequency axis.
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z-plane

s-plane
M bmage of s =60

Figure 4.6: Mapping of the s-plane into the z-plane using the bilinear transformation

8.6 The Matched-Z Transform:

Another method for converting an analog filter into an equivalent digital filter is to map
the poles and zeros of Ha(s) directly.into poles and zeros in the z-plane. For analog filter

. H£[1(“ "N ql.)

N Hi}vgl(-" <D 726

H.(s)

the corresponding digital filteris

II.'x(l e’ l:
[1eGT — emT 1)

Where T is the sampling interval. Thus each factor of the form (s-a) in Ha(s) is mapped
. aT _-1
into the factor (1-e" z 7).
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Recommended guestions with solution

Question 1
Design a digital band pass filter from a 2 order analog low pass Butt
prototype filter using bilinear transformation. The lower and u cu
frequencies for band pass filter are 5m/12 and 7m/12 . Assume T = 2 sec.

nd

Sol. : ® = o
12
Q, = Etan—m—’
i 2
For T = 2
Q, = tangl-
2
7

©0 = —

(1)

)

bining above two steps we get

2

( -1

1-z

1+~‘i] b T PP

s = \ s = [~ u
e e _

1+z

\
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HR) = 3 : 2 :
-z +@0,0+z [ | Aa-zh+20,a0+:7)
(1-27)Q, -Q,) (1-z2)Q, -Q,)
Question 2

Show that the bilinear transformation maps.
1) The jQ axis in s-plane onto the unit circle, |z
ii) The left half s-plane, Re (s) < 0 inside the u ' 11,

Im(s)=Q
&

Sol. :

Im(z) z-plane

®

r=10=0
<0 o

r<1,c6<0
b _Xar>16>0

J Re(z)=0o

Fig. 4
Find. hin), imp

response of an infinite-length ideal multi-band real filter.
response of this filter. Present the sketch of implementation of
impulse response of this filter) via block diagram. Where  (n)

mdow sequence ? (12]
4 H(m)

B e e e e e st —
A, :
"

AJ e —————— - :
)

)

w
0 0y @ O3 Oy =
Fig. 4
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Question 4
We are interested to design an FIR filter with a stopband attenuation of 64 dB and
A®=0.05n using windows. Provide the means to achieve precisely this attenuati
using suitable window function. [3

Sol. : Hamming window will satisfy the stopband attenuation requirement
Because it has lower transition width.
Hamming window function is given by :

w(n) = 0.54—0.46cos(
N

Question 5
The transfer function of analog low pass filter is gi

(82 —1)(s% +s+1)
Find H(z) using impulse invariance method. T, [6]

Sol. : H(s) =

+1)(s + 0.5~ 0.866)(s + 0.5 + j 0.866)

*

¢ % G, + Cz
s+1 s+05-70866 s+0.5+)0.866

fraction expansion, we get 4
=1, C,=0577¢7'*2 and C: =0577¢/%%

Using pra
1

1 0.577¢ %52 0.577¢/%62
. -

H(s) = : .
s+1 s+05-)0866 s+0.5+)0.866

e three poles are :
s, =-1, s,=—05+;0866 and s; =— 0.5~ j 0.866
We know that,
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C.
H(z) = ﬁ“ .. I
iml 1=g¥g
& & £

— e T
t=p Pt 1p"lsT - 0"

Here C, = C,

SR, s 0.577¢/%%

H(z) — — — + -
1—e Tzl 1_p(-05+j0866)T -1 " _ (05-/0.866)T ,-1

1 0.577¢ 1262
+

— - +
1 _‘,—Tz-l 1 _€-~0..;Te)0.8667'z-1 S,

1 y, 2(0.577) cos(-2.62) - z S(=2.62 - 0.8667)
=2

Multiplying the numerator and denominato on RHS by z and by 1’

for second term on RHS, above equation becomes,

~1154¢7057 'cos( 5% | O.866TJ i
H(z) = S

-ll-, -asz-

866T) +¢” ! +1154e 057 cos(s-;-‘ +0.866T ] =1.0773

1546157 cos(%t +0866T }_0.1 254

T 426797 cos(0.866T)=1.1538
T —2¢7157 c0s(0.866T)=— 0657
= ¢*" =01353
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Question 6
Design a linear phase high pass filter using the Hamming window for the followin
desired frequency response.

- 3w ESImlSn
e 6

H;,(@ = %
0 |ol<=

6
21tn1 ), where N is the length of the Ham window.

o (n) = 0.54 — 0.46 cos (

Sol. : h 4(n)

e—;3we_romdm
6

&
Lg(n —3)]] n#3

Also,

Let
Im response of FIR filter is :

Wn) = hy(nyo(n)
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’ p E | 2nn
{ﬂ(" 3 [amla(n - 3)] - sm[g(n - 3)]]} {0.54 - 0.46(:05( < ]} n#3

W .
.5.[0.54 3 0.46cm(m J] =3
L6 6

n hy(n) win) h{n)

0 - 0.1081 0.08

1 - 0.1378 oMn

2 - 0.1592
3 0.8332
a 0.1582
5 0.1378

6 0.1061

Question 7
Design a digital lowpass But ter g bilinear transformation method to
meet the following specificatiOns. Take A

Passband ripple < 1.25
Passband edge = 2

12]
= 2nx 200=4007rad/sec
= 2nx 400=800nrad/sec

s
p = —=—56C
f. 2000
= Q,T, = 400nx—— = 02nrad
2000

Q,T, = somxﬁ = 04nrad
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Given : T = 2 sec.

Qp

2 tanf 22 | tan{ 92% )= 03249

T 2 2

al s o a,{&}tan(gﬂ‘)=on65
¥ & 2 2

log[107*7/* ~1)/a07™/* ~] -

N = ’ ’
2log (Q', /1)
_ log(0.3335/30.6228) — 28083 =
210g (0.3249/07265)
Q, = .

10~*p/10 _qyV2N
Referring to normalized lowpass butterwo

1
(s +s+

The required prewarped ter tained by applying lowpass to lowpass
transformation.

(s* +s+1)(s+D)| s

2

(§i+s+z‘(s;2]

252 +45+8 \(s+2
8 2
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3
s2+2s+4 |(s+2
4 2
(s2 +2s+4)(s+2) s3 +2s2 +25% +45+8

8
s> +4s% +85+8

Applying bilinear transformation to H (s)

Bz =

. H(z) =




UNIT 4
Design of FIR Filters

7.1 Introduction:
Two important classes of digital filters based on impulse response type are
Finite Impulse Response (FIR)

Infinite Impulse Response (IIR)

The filter can be expressed in two important forms as:

1) System function representation;

Z‘bz_k
HO=—%—— @

N
1+ Zak 7z ™

k=1
2) Difference Equation representation;

Nk M

Cayin-k)= bx(n—k) <)

k

Each of this form allows various methods of implementation. The eq (2) can be viewed as
a computational procedure.(an algorithm) for determining the output sequence y(n) of the
system from the input sequence x(n). Different realizations are possible with different

arrangements of €q (2)

The major issues considered while designing a digital filters are :

* Realiability (causal or non causal)

® Stability (filter output will not saturate)

* Sharp Cutoff Characteristics

® . Order of the filter need to be minimum (this leads to less delay)

¢ Generalized procedure (having single procedure for all kinds of filters)
* Linear phase characteristics
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The factors considered with filter implementation are ,
a. It must be a simple design

b. There must be modularity in the implementation so that any order filter can be obtained with
lower order modules.

c. Designs must be as general as possible. Having different design procedures for different
types of filters( high pass, low pass,...) is cumbersome and complex.

d. Cost of implementation must be as low as possible

e. The choice of Software/Hardware realization

7.2 Features of I1IR:

The important features of this class of filters can be listed as:

* Qut put is a function of past o/p, present and pastd/p’s

* Itis recursive in nature

* Ithas at least one Pole (in general poles and zeros)

* Sharp cutoff chas. is achievable with minimum order

* Difficult to have linear phase chas aver full'range of freq.

* Typical design procedure is analog design then conversion from analog to digital

7.3 Features of FIR : The main features of FIR filter are,
They are inherently stable
Filters with linear phase characteristics can be designed
» Simple implementation —both recursive and nonrecursive structures possible
 Free of limit cyele-oscillations when implemented on a finite-word length digital system

7.3.1 Disadvantages:

 Sharp cutoff at.the cost of higher order
 Higher order leading to more delay, more memory and higher cost of implementation

7.4 Importance of Linear Phase:

The group delay is defined as

do

which is negative differential of phase function.

Nonlinear phase results in different frequencies experiencing different delay and arriving
at different time at the receiver. This creates problems with speech processing and data
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communication applications. Having linear phase ensures constant group delay for all
frequencies.

The further discussions are focused on FIR filter.
6.5 Examples of simple FIR filtering operations: 1.Unity Gain Filter

y(n)=x(n)
2. Constant gain filter
y(n)=Kx(n)
3. Unit delay filter
y(n)=x(n-1)
4.Two - term Difference filter
y(n) = x(n)-x(n-1)
5. Two-term average filter
y(n) = 0.5(x(n)+x(n-1))
6. Three-term average filter (3-point \moving average
filter) y(n) = 1/3[x(n)+x(n-1)+x(n-2)]
7. Central Difference filter

y(n)= 172[ x(n) — x(n-2)]

When we say Order of the filter it is the number of previous inputs used to compute the
current output and. Filter coefficients are the numbers associated with each of the terms x(n),
x(n-1),.. etc

The table below shows order and filter coefficients of above simple filter types:
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Ex. lorder a0 al a2
1 0 1 - -

2 0 K - -

3 1 0 1 -
A(HP) [L 1 1
5(LP) [L 112 [1/2  F
6(LP) 2 1/3 /3 {13
7(HP) R 172 P L1/2

7.6 Design of FIR filters:

The section to follow will discuss on design.of FIR filter. Since linear phase can be
achieved with FIR filter we will discuss the conditions required to achieve this.

7.6.1 Symmetric and Antisymmetric FIR filters giving out Linear Phase characteristics:

Symmetry in filter impulse response will ensure linear phase

An FIR filter of length M with i/p x(n) & o/p y(n) is described by the difference equation:
M -1

y(n)= bo X(n) + bLX(R-1)+.......+b M1 X(N-(M-1)) = Db x(n — k) -(1)
k=0

Alternatively. it can be expressed in convolution form

y(n) =§0h(k x(n — k) e

i.e b= h(k), k=0,1,....M-1

Filter is also characterized by
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M-1

H (2) = Z h(k )ka -(3) polynomial of degree M-1 in the variable z'l. The roots of this
k=0
polynomial constitute zeros of the filter.

An FIR filter has linear phase if its unit sample response satisfies the condition
h(n)= £ h(M-1-n) n=0,1,....... M-1 -(4)

Incorporating this symmetry & anti symmetry condition in eq 3 we can show linear phase
chas of FIR filters

H@=h0)+h(L)z*+h(2z72+....... +h(M =2)z M2 L h(M-1)z7MD

If M is odd

H (z) = h(0) + h(1)z A +h(¢ M-=1y -(L?,+h( M +1)z _(L?)+h( M+ 3); _(M%SH ...........
2 2 2

+h(M = 2)z M 4 h(M ~1)z (M

—(M-1 )|_ M-1) M-3)

72 T hO)z 2 +h()z 2 MLy M1 (M3 L vl
2 2 2

Applying symmetry conditions for M. odd

h(0) = +h(M — 1)
h(1) = +h(M — 2)

M -1 M=1
W(——)=#( ——)
M+ 1 M -3
(=)= ——)

lh(M 1) = +h(0)
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] v_a 1
M1 2 |
H(z) =12 | h( )+Zh(n){z (M-1-2m)/2 7 «(M-1-20)/2 |
| n=0 |
L ]
similarly for M eve
| - 1
H(Z):Z I 2 (n){z (M 12n)/2+Z -(M 12n)/2 |
I
| -0 |

7.6.2 Frequency response:

If the system impulse response has symmetry property (i.e.,h(n)=h(M-1=n)) and M is odd

HEe™)y=e"" |H(@e") | where
( s 1
Hr(ejw) !h('vI 1)+22h(n)008a)(—_1—n)|
| n=0 |
L J

0@ =~ Jo I H, ) 0

=—(¥)a)+ﬁ if | HAe) <0

In case of M even the phase response remains the same with magnitude response expressed as

|_ M —|

2

| |
| n=0 |

) |

If the impulse response satisfies anti symmetry property (i.e., h(n)=-h(M-1-n))then for
M odd we will have

h(M=l)- h(M-1yje, h(M=1)=0
2 2 2

| ms |

>
Il
o

If M is even then,
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’_ M -1 —|

jo | 2 M-1 |

H: (e ):IZZh(n)sina)( —Z—n)l
n=0

|

]

In both cases the phase response is given by
0()=—M=Lyp+ 712 if|H ()20
2 r

= (M-1yo+3z/2 if|H (/)0
2 r

Which clearly shows presence of Linear Phase characteristics.

7.6.3 Comments on filter coefficients:

* The number of filter coefficients that specify the frequency response is (M+1)/2 when is M
odd and M/2 when M is even in case of symmetric conditions

* In case of impulse response antisymmetric we have h(M-1/2)=0 so that there are (M-1/2)
filter coefficients when M is odd and M/2 coefficients when M is even

7.6.5 Choice of Symmetric and_ antisymmetric unit sample response

When we have a choice between different symmetric properties, the particular one is
picked up based on application for.which the filter is used. The following points give an
insight to this issue.

* If h(n)=-h(M-1-n) and M.is odd, H«(w) implies that Hr(0)=0 & Hr(n)=0, consequently not
suited for lowpass-and highpass filter. This condition is suited in Band Pass filter design.

 Similarly if M'is even Hr(0)=0 hence not used for low pass filter

» Symmetry eondition h(n)=h(M-1-n) yields a linear-phase FIR filter with non zero response
at w =0 if desired.

Looking at these points, antisymmetric properties are not generally preferred.
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7.6.6 Zeros of Linear Phase FIR Filters:

Consider the filter system function

H (@) = Zh(n)z

Expanding this equation

H (z) = h(0) + h(1)z* + h(2)z ++h(M=2)z7 ™2 4+ h(M -1)z M
sin ce for Linear — phase we need

h(n)=h(M -1-n) e,

h(0) = h(M -1); h(1) = h(M - 2);......h(M -1) = h(0);

then

H@=h(M-1)+h(M-2)z" +....... +h()z ™2 4+ h(0)z M

H@) =z ™Y [h(M-1)zM?Y + h(M—-2)z™M2 +..... + h(1)z + h(0)]

H@ =2 " [h) (2 =2 H2H @)

) ) ) 1.
This shows that if z = z1 is a zero then z=z1 ~ is also a zero

The different possibilities:

If 21 = 1 then z1 = z4>=1 is also a Zéro implying it is one zero

2. If the zero is real and |z|<1.then we have pair of zeros

3. If zero is complex and |z|=1then and we again have pair of complex zeros.
4. 1If zero is complex and |z|#1 then and we have two pairs of complex zeros

=

s

Unit 3
cirele i

FVJ taken from DSP by Prackis P 621
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The plot above shows distribution of zeros for a Linear — phase FIR filter. As it can be seen
there is pattern in distribution of these zeros.

7.7 Methods of designing FIR filters:
The standard methods of designing FIR filter can be listed as:

1. Fourier series based method
2. Window based method
3. Frequency sampling method

7.7.1 Design of Linear Phase FIR filter based on Fourier Series method:

Motivation: Since the desired freq response Hd(eJ ) is a periodic function in ® with
period 2m, it can be expressed as Fourier series expansion

Ho(e")="h e

N=—o0

where h (n) are fourier series coefficients
d

d 1 Jﬁ d jo . jon

h (n):g H € ) do

T

This expansion results in impulserespanse. coefficients which are infinite in duration and non
causal. It can be made finite duration by truncating the infinite length. The linear phase can be
obtained by introducing symmetric property in the filter impulse response, i.e., h(n) = h(-n). It
can be made causal by intraducing sufficient delay (depends on filter length)

7.7.2 Stepwise procedure:

1. From the desired freq response using inverse FT relation obtain hd(n)
2. Truncate the infinite length of the impulse response to finite length with (‘assuming

M odd)
h(n)=hgq (n) for—-(M-1)/2<n<(M-1)/2
=0 otherwise

Introduce h(n) = h(-n) for linear phase characteristics

Write the expression for H(z); this is non-causal realization
-(M-1)/2 @

S

5. To obtain causal realization H’(z) = z
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Exercise Problems

Problem 1 : Design an ideal bandpass filter with a frequency response:

, Ve
He(e! )=1 forzs[a)ls—4

=0 otherwise
Find the values of h(n) for M = 11 and plot the frequency response.

H (e")

1.0

T _317/4 -TT/4 /4 31m/4 T W

hm=_1:H (@")e " do
d = d

t/2
R 3714 |
= | | e do+ (el do|
27[L—37r/4 7l 4 J

1 3 .
—_Em 2% n—sin® J—ooSnsco

mL 4 4
truncating to 11 samples we have h(n) = hq (n) for | n |<
5 =0 otherwise

For n = 0 the value of h(n) is separately evaluated from the basic
integration h(0) = 0.5
Other values of h(n) are evaluated from h(n)
expression h(1)=h(-1)=0
h(2)=h(-2)=-
0.3183 h(3)=h(-
3)=0 h(4)=h(-4)=0
h(5)=h(-5)=0

The transfer function of the filter is
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(N-1)/2
H@=h©)+ 22" +z" )]
=05-0.3183(z 2+z 7% )
the transfer function of the realizable filter is
H'(z)=z"°[05-0.3183(z *+z7 )]
=-0.3183z °+ 0.5z °-0.3183z
the filter coeff are
h (0)=h'(10)=h' (1) =h' (@) =h' (2) =" @ =I"(4) =1 (6) =0
h' (3) =h'(7) =-0.3183
h'(5)=05

The magnitude response can be expressed as
(N-1)/2

IH () |= 2_a(n) cosen

n=1
comparing this exp with
5

[H (") || 2 °[n(0) + 22_h(n) cosen] |

We have a(0)=h(0)
a(1)=2h(1)=0
a(2)=2h(2)=-0.6366
a(3)=2h(3)=0
a(4)=2h(4)=0

a(5)=2h(5)=0

The magnitude response function is

IH(e*™)| = 0.5 — 0.6366 cos 2 which can plotted for various values of ®

o in degrees =[0 20 30 45 60 75 90 105 120 135 150 160 180];
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IH(e'®)] in dBs= [-17.3 -38.17 -14.8 -6.02 -1.74 0.4346 1.11 0.4346 -1.74 -6.02 -14.8 -38.17 -

17.3];

Magnitude freq resp of BP filter
5 T T T T T T T

mag
resp in dB
o
Y
J
1

-40 1 1 I 1 1 1 I 1
0 20 40 60 80 100 120 140 160 180

angle in degrees

Problem 2: Design an ideal lowpass filter with a freq response
H, e )=1 » for-Z<w<?
o) 2 797

=0 foriﬁ‘a)‘ﬁﬂ'

Find the values of h(n) for N =11. Find H(z). Plot the magnitude response

From the freq response we can determine hd(n),
zm
1 7l2 jon Sln 2

ha() =27 | e do="m —wo<n<wand n=0
—l2

Truncating hd(n) to 11 samples

h(0) = 1/2 h(1)=h(-
1)=0.3183 h(2)=h(-
2)=0 h(3)=h(-3)=-
0.106
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h(4)=h(-4)=0
h(5)=h(-5)=0.06366

The realizable filter can be obtained by shifting h(n) by 5 samples to right h’(n)=h(n-5)

h’(n)=[0.06366, 0, -0.106, 0, 0.3183, 0.5, 0.3183, 0, -0.106, 0, 0.06366];
H'(z) = 0.06366 — 0.106z * + 0.3183z* +0.5z ~°+0.3183z ° — 0.106z ® + 0.06366z "

Using the result of magnitude response for M odd and symmetry
M -3
2

2 n=0 2
|H_ (e') |=| [0.5 + 0.6366 cos w — 0.212 cos 3w + 0.127 ¢0s 5w] |

Problem 3 :

Design an ideal band reject filter with a frequency response:

Hy(€)=1 for|g< L;and o 2—7;

=0  otherwise
Find the values of h(n)for M = 11 and plot the frequency response

Ans:h(n)=[0.-0.1378 0. 0.2757°0 0.667 0 0.2757 0 -0.1378 0];

7.8 Window based Linear Phase FIR filter design

The other important method of designing FIR filter is by making use of windows. The
arbitrary truncation of impulse response obtained through inverse Fourier relation can lead to
distortions in the final frequency response.The arbitrary truncation is equivalent to multiplying
infinite length function with finite length rectangular window, i.e.,

h(n).= ha(n) w(n) where w(n) = 1 for n = +(M-1)/2
The above multiplication in time domain corresponds to convolution in freq domain, i.e.,
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H( ej"’ ) = Hd(e j(’)) *W(e jo ) where W(e jo ) is the FT of window function w(n).

The FT of w(n) is given by

sin( oM / 2)

joy _
W)= w2

The whole process of multiplying h(n) by a window function and its effect in fr
shown in below set of figures.

W (&)

side lobes

g e 3 s e S
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convolution of W{w) and Hd{w)
T T T

10 - /\\/ W e B0 B & W oW 8 /\/\ .

]
T
|

mag resp.

IS
T
I

N
T

\/\/\/\/"\/‘

| . | | . :
20 -15 -10 -5 o 5 10 15 20
freq

o

7

{

)

(

§
)
\)
g,

/")

Suppose the filter to be designed is Low pass filter then<the convolution of ideal filter freq
response and window function freq response results in distortion in the resultant filter freq
response. The ideal sharp cutoff chars are lost andpresence of ringing effect is seen at the
band edges which is referred to Gibbs Phenomena. This is.due to main lobe width and side
lobes of the window function freq response.The main lobe width introduces transition band
and side lobes results in rippling characters in.pass band and stop band. Smaller the main lobe
width smaller will be the transition band. The ripples will be of low amplitude if the peak of
the first side lobe is far below the main:lobe peak.

7.8.1 How to reduce the distortions?
1. Increase length of the window

- as M increases the main lob width becomes narrower, hence the transition band width is
decreased

-With increase in length the side lobe width is decreased but height of each side lobe
increases.dn such.a manner that the area under each sidelobe remains invariant to changes in
M. Thus ripplesandringing effect in pass-band and stop-band are not changed.

2. Choose windows which tapers off slowly rather than ending abruptly - Slow tapering
reduces ringing and ripples but generally increases transition width since main lobe width
of these kind of windows are larger.
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7.8.2 What is ideal window characteristics?

Window having very small main lobe width with most of the energy contained with.it
(i.e.,ideal window freq response must be impulsive).Window design is a mathematical
problem, more complex the window lesser are the distortions. Rectangular window is one .of
the simplest window in terms of computational complexity. Windows better than rectangular
window are, Hamming, Hanning, Blackman, Bartlett, Traingular,Kaiser. The different
window functions are discussed in the following sention.

7.8.3 Rectangular window: The mathematical description is given by,

wr(n)=1for0<n<M-1

7.8.4 Hanning windows:
It is defined mathematically by,

27 N
Whan (N) =0.5(1-cospf~ — 1)forO<n<M-1
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Ko o Gain resp, of Hanning window
§ 20 : T T T T T v v T
o8- 4
of
08
20} ;
o7} 4
ol 1 a0l
2
05 E g
80|
04} 4
03 E -80
02+ @ <4
100}
01 =
o2 T ] 9 120 i i i L 1 i
0 5 10 15 20 2% ° 01 02 03 04 05 06
Normailized fieq

7.8.5 Hamming windows:
This window function is given by,

w () =0.54-0.46cos 2™ foro<n<M -1
ham M -1

gain reapo of Hamming window
T T T

\/w’mw

L
o o1 02 1

4 05
Normadized freq

indows:
ow function is given by,

)=0.42 - 0.5 cos_270 1+ 0.08 cos_47N_ for0<n<M -1
blk M -1 M -1

W

Page 120



Digital Signal Processing

Ll

7.8.7 Bartlett (Triangular) windows:

The mathematical description is given by,

2|n- M -1 |
w (n=1-__ 2
bart M _1
\", \/ ‘
i . | v V
1l I NEEREN
7.8.8 Kaiserwind he ematical description is given by,
EaE
o | | —In— —=1 |
Vi )t 2 |
L for0<n<M-1

| M-1)]

k )=
I
\ L L2 J]
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Type of window  |Appr. Transition Peak

width of the main lobe [sidelebe (dB)
Rectangular A1/M 13
Bartlett 811/M 27
Hanning B1T/M -32
Hamming B11/M 43
Blackman 1211/M -58

Looking at the above table we observe filters which are mathematically simple do not
offer best characteristics. Among the window functions discussed Kaiser is the most complex
one in terms of functional description whereas it is the one which offers maximum flexibility
in the design.

7.8.9 Procedure for designing linear-phase FIR filters using windows:

1... Obtain hd(n) from the desired freq response using inverse FT relation
2. Truncate the infinite length of the impulse response to finite length with
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(‘assuming M odd) choosing proper window

h(n) = hg (N)w(n) where
w(n) is the window function defined for—- (M -1)/2<n<(M-1)/2

3. Introduce h(n) = h(-n) for linear phase characteristics

4.  Write the expression for H(z); this is non-causal realization

-(M-1)/2

5. To obtain causal realization H’(z) = z H(z)

Exercise Problems

Prob 1: Design an ideal highpass filter with a frequency response:
- Vs
H,(e" )=1 for Z <|ojs 7z
=0 |el<?®
4

using a hanning window:with M.= 11 and plot the frequency response.

H(eM)
110
g 7 /4 T T w
—rl4 V4
d 1 ) jon ) jan
h(M=5 [ e do+ e del
V4
- zl4
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h()= _l[sinm-sin 20 ] for —w<n<ew and n=0
¢ m 4

-l 4 T
g 1 | 3

h (0) = E[ do+ da)]=_4:0.75

-7 T 14

hd(1) = ha(-1)=-0.225
hd(2) = ha(-2)=-0.159
hd(3) = ha(-3)=-0.075
hd(4) = hd(-4)= 0 ha(5)
= hd(-5) = 0.045
The hamming window function is given by

27m M -1 M -1
w, (n)=0.5+ 0.5 cos - <n<
() e e R
=0 otherwise
for N=11
Whn(n):0.5+0.5cos@5 -5<n<5
Whn(O) =1

Whn(1) = Whn(-1)=0.9045
Whn(2)= Whn(-2)=0.655
Whn(3)= Whn(-3)= 0.345
Whn(4)= Whn(-4)=0.0945
Whn(5): Whn(-5):0

h(n)= wnn(n)hd(n)

h(n)=[0 0 -0.026:-0.104 -0.204 0.75-0.204 -0.104 -0.026 0 0]

h' (n) =h(n - 5)
H'(z) =-0.026z° —0.104z ° - 0.204z * +0.752° — 0.204z° — 0.104z " — 0.0262°°

Using the equation
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M -3

. M -1 -7 M -1
Hre™)=h(— ) +2 2-h(n) cose — N

n=0

H.(e™)=0.75) + 22_h(n) cose(5 — n)

The magnitude response is given by,

IHr(e ™) = |0.75 - 0.408cos® - 0.208 cos2e - 0.052c0s30)|

® in degrees = [0 15 30 45 60 75 90 105 120 135 150 165 180]
IHe’®)|in dBs = [-21.72 -17.14 -10.67 -6.05 -3.07 -1.29

-0.0087 0.052 0.0150 0 0.017]
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Prob 2 : Design a filter with a frequency response:

H (el“)=g 1% for—Z < p<®
") " < os

=0 Zqolx
4
using a Hanning window with M =7
Soln:

The freq resp is having a term e which gives h(n) symmetrical
about n = M-1/2 = 3 i.e we get a causal sequence.

—j o(M-1)/2

l zl4
h(n=_—"_ _[e-iSweiwndco
’ 2”—7[/4
. T
sin= (n -3
, (-3

T 2(n-3)
this gives h (0) = h (6) = 0.075
h(1)=h(5)= 0159
h(2) = h (4) = 0.22
h:(3) 025

The Hanning window function. values are given by
whn(0) = whn(6) =0

whn(1)= whn(5) =0.25

Whn(2)= whn(4) =0.75

Whn(3)=1

h(n)=hd(n) wnn(n)

h(m)=[0 0.03975 0.165 0.25 0.165 0.3975 0]
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LP mag freq resp
T T T

gain in B

4 i i i i i i i i i
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.8 1
normalized freq

7.9 Design of Linear Phase FIR filters using Frequency Sampling method

7.9.1 Motivation: We know that DFT of a finite duration DT sequence is obtained by sampiing FT of
the sequence then DFT samples can be used in reconstructing original time domain samples if
frequency domain sampling was done correctly. The samples of FT of h(n) i.e., H(K) are sufficient
to recover h(n).

Since the designed filter has to be“realizable then h(n) has to be real, hence even
symmetry properties for mag response |[H(k)| and odd symmetry properties for phase response
can be applied. Also, symmetry for h(n) is applied to obtain linear phase chas.

Fro DFT relationship we have

N-1

k=0
N -1

Hk)=2h@)e ™™ for k=0.1,....N-1
n=0

Also we know H(K) = H(z)[=e ™

The system function H(z) is given by
N -1

H @)= 2h(n)z "
n=0

Substituting for h(n) from IDFT relationship

1_Z—NN—1 H(k)

T2&n TN _ -1
- YA

N k§01 e

H ()=
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Since H(k) is obtained by sampling H(ejm) hence the method is called Frequency Sampling
Technique.

Since the impulse response samples or coefficients of the filter has to be real for filter to be
realizable with simple arithmetic operations, properties of DFT of real sequence can be used.
The following properties of DFT for real sequences are useful:

H*(k) = H(N-k)
|[H(K)|=|[H(N-k)| - magnitude response is even

0(k) = - 6(N-k) — Phase response is odd

N-1
hn)= L SHye " can be rewritten as (for N odd)
N

k

1l
o

1 F N -1
h(n)= | H (0) +XH (k)e 2N |
NL -1 |
1| N-1/2 N-1 1
h(n):_IH(O)+ ZH(k)e j2an /N 4 ZH(k)e j2an/N |
N|_ k=1 K=N-1/2 ]

Using substitution k = N —r or r = N- k in the second substitution
with r going from now (N- 1)/2 to 1 as k goes from 1 to (N-1)/2

1 r (N-1/2 (N-1)/2 —|
h(n)= _|H@O)+ 2 H(K)eizr/Ng >H(N-k)e -izan/N |

N L k1 k-1 ]

1 | (N-1)/2 (N-1)/2 |
h(n)= _|H @)+ > Hk)eizs/n + > (k)e-izen/n |

N L k=l k=1 |

14| (N-1)/2 (N-1)/2 |
h(n)=_[H@O)y+ 2 H(k)eizwa/N 4 Y(H(k)e izdaiN) |

N k-1 k=1

1 | (N-1)/2 i
@)= | HO% St 150+ (H (e )|

N L k=1

1| (N-1)/2 |
h(n) = __IH (0)+2 2. Re(H (k)eizan/n |

NL k=1 |

Similarly for N even we have

1|— (N-1)/2 » —|
h(n) = _‘ H (0)+2 ZRE(H (k)ej27zkn/N |
N|— k=1 J

R AR R R R R A —————————————————————————————
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Using the symmetry property h(n)=h (N-1-n) we can obtain Linear phase FIR filters using the
frequency sampling technique.

Exercise problems

Prob 1 : Design a LP FIR filter using Freq sampling technique having cutoff freq of 71/2
rad/sample. The filter should have linear phase and length of 17.

The desired response can be expressed as

. M-1
H (ejo)=e 14=3) for |wl<aec
d

=0 otherwise
with M=17 and wc=rx/2

H,(e”)=e® for 0<w<nl2

Selecting ax = ——

HI=H, ") ,,

17

27k
Hk)=e g7 for 0£%£LZ
1 2
=0 for 7r/2<% <r
17
167k
Hk)=e -i 17 for 0<k< _17
4
=0 for —7£k£—17
4 2

The range for “k” can be adjusted to be an integer such as

0<k<4

and 5<k<8

|
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The freq response is given by

_jkg
Hk)=e 17 for 0<k <4

=0 for 5<k<8

Using these value of H(k) we obtain h(n) from the equation

(M-1)/2

) = o (H(0)+2 2Re(H (™" )

1 . _
(1 +9 ZRe(e—JlGﬂk/ﬂ e j2mkn/ 17 ))

i.e,, h(n) = 17
h(n) 1 (H 0) + ZZCOS( ( _n) ) for n=0,1,...5 16

e Even though k varies from 0 to 16 since we considered o varying between 0 and m/2
only k values from 0 to 8 are considered

e While finding h(n) we observe symmetry in h(n) such that n varying 0 to 7 and 9 to 16
have same set of h(n)
7.10 Design of FIR Differentiator
Differentiators are widely used in Digital and Analog systems whenever a derivative

of the signal is needed._ Ideal differentiator has pure linear magnitude response in the freq
range —= to +m. The typical frequency response characteristics is as shown in the below figure.

N
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Problem 2: Design an Ideal Differentiator using a) rectangular window and b)Hamming
window with length of the system = 7.

Solution:
As seen from differentiator frequency chars. It is defined as

H(ejm) =jo between —x to +n

T
1 jon coszm

d
h(n):g joe do=

o —o<n<wo and n=z0

The hd(n) is an add function with hd(n)=-hd(-n) and hd(0)=0
a) rectangular window

h(n)=hda(n)wr(n)

h(1)=-h(-1)=hd(1)=-1

h(2)=-h(-2)=hd(2)=0.5

h(3)=-h(-3)=hd(3)=-0.33

h’(n)=h(n-3) for causal
system thus,

H'(z)=0.33-05z"+z%-z* +0.52°-0.332 °

Also from the equation

_ (M=3)/2 M -1
He@e')=2 2, h(n) sin &(——- - n)
n=0

For M=7 and h’(n) as found above we obtain this as
H, (e')=0.66sin3w - sin 2o+ 2 sin

H (') =jH  (e') = j(0.66 sin 3w~ sin 2w+ 2 sin o)

b). Hamming window
h(n)=hd(n)wn(n)

where whn(n) is given by
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w (n) =054 + 046 cos_ 2™ _(M-1)/2<n<(M-1)/2
" (M -1)
=0 otherwise

For the present problem

w (n)=0.54+0.46 cos ! —3<n<3

h 3
The window function coefficients are given by for n=-3 to +3
Wh(n)=[0.08 0.31 0.77 1 0.77 0.31 0.08]

Thus h’(n) = h(n-5) = [0.0267, -0.155, 0.77, 0, -0.77, 0.155, -0.0267]

Similar to the earlier case of rectangular window we can “write the freg response of
differentiator as

H(e'”)=jH, (") = j(0.0534 sin 3w— 0.31sin 2w +1.54 sin @)

,' | Lideal

I / / | | 7———’ rect

We observe

e With rectangular window, the effect of ripple is more and transition band width is
small compared with hamming window

e . With hamming window, effect of ripple is less whereas transition band is more

7.11 Design of FIR Hilbert transformer:

Hilbert transformers are used to obtain phase shift of 90 degree. They are also called j
operators. They are typically required in quadrature signal processing. The Hilbert transformer
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is very useful when out of phase component (or imaginary part) need to be generated from
available real component of the signal.

Problem 3: Design an ideal Hilbert transformer using a) rectangular window and b)
Blackman Window with M =11

[ Hw)
]
™
-TT A W
-
Solution:
As seen from freq chars it is defined as
H,(e”)=]j -7<w<0
=—] 0<w<r
The impulse response is given by
g 10 R (1- coszmn)
h(N=75_[ je-do+ -je do]=—"__-" —-o<n<ow except n=0
(M)=72,L | ) ] n P

Atn =0 itishd(0) =0 and hd(n) is an odd function

a) Rectangular window
h(n) = ha(n) wr(n) = ha(n) for -5 >n >5

h’(n)=h(n-5)

h(n)=[-0.127, 0, -0.212, 0, -0.636, 0, 0.636, 0, 0.212, 0, 0.127]
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4
H. (") = 22_h(n) sin (5 - n)
n=0
HE'”)=jIH, (" )=j{0.254 sin 5w+ 0.424 sin 3w +1.272 sin w}

b) Blackman Window
window function is defined as

m
w(n)=042+05cos~ +0.08cos 271  _5<n<5
b 5 5
=0 otherwise

Wh(n) = [0, 0.04, 0.2, 0.509,0.849,1,0.849, 0.509, 0.2, 0.04,0] for -5>n=5

h’(n) = h(n-5) = [0, 0, -0.0424, 0, -0.5405, 0, 0.5405, 0, 0.0424, 0, 0]

H (') = — j[0.0848sin 3w +1.0810sin @]

1

//\ blackman

. ideal

rect
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Recommended questions with solution

Questionl
Design an FIR linear phase, digital filter approximating the ideal frequency response
1, for jw} < %
Hylw) = -
0, for - lw| <=

(=) Determine the coefficients of a 25-tap filter based on the window method with a
rectangular window.

(b) Determine and plot the magnitude and phase response ofthe filter,

(c) Repeat parts (a) and (b) using the Hamming window.

(d) Repeat parts (a) and (b) using a Bartlett window.

Solution:-
(a) To obtain the desired length of 25, a delay of 25~ =245 incorporated into Hy(w). Hence,
Hiw) =Clg2™, oglul<s

0, otherwise

L
— / Hylw)e ¥ " dw
o "i

sin 1! (n=-12)

x(n-12)
Then, h(n) = hg(n)uw(n)

hy(n)

whesé win).is a rectangular window of length N = 25.

(b) Magnitude plot

0 00% 0V 015 02 02 03 038 04 045 O3
—> Fo)
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Phase plot
‘ L 3 r A L v v v .
Fig -
i,
|
i
-2F E
4 " A A A - ' - & ’ I W —
0 005 01 018 02 029 03 03 04 045 0S5

- Frog(Mz)

(c) Hamming window

A A A A

0 m 01 015 02 028 03 03 04 048 03
Freq(Ha)

-

(d) Bartlett window
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-500""005 01 015 02 025 03 035 04 045 0S5

-—=> Freq(Hz)

‘ v L Ld L AJ Al Al 3 3 2

i |

[-Y

& o

]

]

.-2h E

4 s = = 2 s e A - ¥ A A

0 008 01 015 02 025 03 03 04 045 05
== Froq(Hz)

Question 2

Determine the unit sample response {#(n)} of a linear-phase FIR filter of length M = 4
for which the frequency response at @ = 0 and w = x/2 is specified as

HO) =1 H (-’%) - %

Solution:<

r 1
M = 4, H(0)=1], H'(5)=§
L

Hw) = 2 Z h(n)cos[w(M =L n)]
n‘no ;
= 22 h(n)coo[w(5 - n))
n=0
1
Atw=0H,(0)=1 = 2 h(n)cos[0]
n=0
2(h(0) + A(1)] = 1 (1)
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g g 1
Atw = 5.”,(;) = -2-

~h(0) + (1)

Solving (1) and (2), we get
h(0)

h(1)

h(2)

h(3)

Hence, h(n)

1
= 2} h(n)cos[-;-(; - n))

0.354 (2)

0.073 and

0.427

h(1)

h(0)
{0.073,0.427,0.427, 0.
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Question 3

Use the window method with a Hamming window 1o design a 21-tap differentiator
as shown in Fig. P8.9. Compute and plot the magnitude and phase response of the
resulting filter.

(H )l

Solution:-

Hy(w)

hg(n)

hg(n)

Magnitude and phase r

008 @1 615 02 025 03 03 04 045 0O
—.m

. ¥ v v v v v

© 008 o1 o185 02 028 03 03 ©C4 043 03
ey Frogiia)
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Question 4

A digital low-pass filter is required to meet the following specifications:
Passband ripple: < 1 dB
Passband edge: 4 kHz
Stopband attenuation: > 40 dB

Stopband edge: 6 kHz

Sample rate: 24 kHz
The filter is to be designed by performing a bilinear transformation on an analog
system function. Determine what order Butterworth, Chebyshev, and ellipt og
designs must be used to meet the specifications in the digital implementation.

tion:-

Solu

From the design specifications we obtai

4 1
b= %%
6 1
,. = —=-

1
nQ, = man‘-;l

2tanx f, = 1.155
w,

2tan 2

2tanxf, = 2

é = 196.5
€

304
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