Vector Integral Theorems

In this chapter we discuss three important vector integral theorems
1. Gauss Divergence Theorem

2. Green’s Theorem

3. Stoke’s Theorem

Applicaions: In solid mechanics, fluid mechanics, quantum mechanics,
electrical engineering and various other fields these theorems will be of

great use.

Gauss Divergence Theorem :-

» |tis the relation between surface and volume integral.

Statement : If F is continuously differentiate vector point function
defined in the region V bounded by the closed surface S then

J,DivFdv = [ F-nds




Where n is the outward unit normal vector at any point on s.

Applications of Gauss Divergence Theorem :

1. In physics, Electrostatics, magnetism gravity can be expressed as Differential
form and Integral form.

2. In fluid dynamics, guantum mechanics, electromagnetism, continuity equation.
Cartesian Form :

o _wv.p 0 ,0fz  O0fs
DIVF =V F_6x+6y+az

n=1cosa+ jcosf + kcosy
Where a, 5, y are the angles with n makes the positive directions of X, y, z axis.
cos a, cos 3, cos y are the direction cosines of n .
F-n=ficosa+f,cosp + fzcosy



.. By Divergence theorem

fV-de=ﬂ(f1cosa+f2cos,8 + fz cosy) ds

%

= [[(fydy dz + f,dz dx + fsdx dy)
S

1. \Verify the divergence theorem for F = 4xyi — y?j + xzk over the cube
bounded by x=0,x=1, y=0,y=1,z=0and z=17

Sol : By Gauss Theorem [ DivFdv = [ F-nds
Given F = 4xyi — y?j + xzk

= _Ofi  0fy , Ofs
VoF=T1+ 004G
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Evaluation of surface integral [f F - nds
UF-ﬁdg=ﬂF-ﬁds+ﬂF-ﬁds+Uﬁ-ﬁds+ﬂﬁ-ﬁds +ﬂﬁ-ﬁds+jfﬁ-ﬁds
S S1 S2 S3 S4 S5 S6

Since the surface of the cube divided into 6 faces.



1.For s1(ASQR) :n=1,x =1,ds =dydz,y=0tolandz=0to 1

_ 1 1 1 1

ffle -nds = fy=0 J,_,4xy dydz = 4fy=0 J,_,ydydz
=4 ylzlldy=4[_ yd —4[y—2]1—2
=4[, _,ylzlidy =4[ _ydy=4| =

2.Fors2(0BPC):nn = —L,x =0,ds =dxdz,y =0to1,z=0to 1
_ 1 1

ffSZF-ndS = fy=0f2=04xy dydz =0 (- x=0)

3.Fors3(0OBRA):n =j,y=1,ds =dxdz,x =0tolandz=0to 1
s Bt 5 1 1

ffng nds= ["_ [ _ —y?dxdz= [ _ | _ —1dxdz

= [ —lzlbdx=-f _ dx=—[x]§ = —1




4.For s4(OACS) :n=—j,y =0,ds =dxdz,x =0tolandz=0to 1

[I, F-rds= [, [, o —y*dxdz=0(~y=0)
5.Fors5(PQCS):n=kK,z=1,ds =dxdy,x =0tolandy=0to 1

— 1 1 1 1
JIcF-ndS= [ _ fy:Oxz dxdy = | _ fy:Ox dxdy
x? 1 1
= [7]0 ylo="%

6.For s6(BRPQ) :n =k,z=0,ds =dxdy,x =0tolandy =0to 1
= _ 1 (1
ffS6F-ndS = | _, fy:OxZ dxdy =0 (~z=0)

.‘.Jﬁ-ﬁds=—2—1+0+0+%+0 =3/2
S

..Gauss Theorem verified




2.Evaluate [f. x dydz + y dzdx + z dxdy over the sphere x? +
yi+z2=1

Sol : By Gauss Divergence then
JI.,F-nds= ] V-Fdv

From cartesian form, we can write

ijldydz+F2dxdz+F3dxdy= fV-de
S vV

F = F]_I‘l‘ Fz_]_‘l‘ F3E

= xi+yj + zk
OF, ~OF, 0F; 0 0 0

V- F=——4+ 24 = — — —
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=1+1+1 =3
ffSF ‘nds = fV3 dv =3 -gnr?’ = 4rtr3 (Sphere with unit radius i.e r =1)
4

= 4n( [, dv = Volume of the sphere Enr?’ )

3. Evaluate J|_x° dydz + x°ydx dz + x de dy over the surface bounded
by the planes z=0, z=b and the cylinder x* + y? = a*?

Sol : By Gauss Divergence Theorem

f[onas=fv-ra

F = x31 4+ x* y]+x ZK
0
V-F = —(x3) + - (x V) +£(xzz)



=3x?% 4+ x% 4+ x? = 5x°

Limits :z=0tob,x=-atoa, y=—Va2 — x2 to Va? — x?2
e P = T 2
JIF-nds= [ V-Fdv=[ 5x*dxdydz

a Va?—x?
=f__ fy_ _\/az—f 5x° dxdydz
VaZ-x2
=5 ey X7 (215 dxdly
. Vaz-x2
_ 2
=5bf ___x Y] X
Putx=asinf,dx = acosfdf if x=-athenf = ——andx =

athen ==
2



= 1Obfﬂ/2 a?sin? 8vVa? — a?sin? @ .acos6 db

-1 /2

= 10bf?; a* sin? @ cos? 9 df
2

= a*.10.2.b[™?

) sin? 0 cos? 6 d6

sTatb

=20. a*.b.1/2.1/2.w/2 =

Stoke’s Theorem

> It Is the relation between line and surface integral.

Statement : If F is any continuous differentiable vector function and s is a surface
enclosed by curve ¢, then | F-dr = [ curl F - nds where n is the outward unit
normal vector at any point of s and c Is traversed in the positive direction.

Cartesian Form : Let F = F;i+ F,j + Fzkand n = icosa + jcos B + k cosy
where a, 3, y are angles with the positive direction of X, y, z axis cos a, cos 5, cosy




are directional cosines.

Letr = x1+y] + ZK
dr = dxi+ dyj + dzk
F-dr=F, dx + F,dy + F;dz

1 j k
Curl F = o 9 9
d dy 0z
Fi F, F
L [2_on] , j[OR 8] | [0F R
Bk lay 0z +] 0z t k dy

1.Using Stoke’s theorem to evaluate ¢ A - dr where A = 2y%i + 3x?%j —

(2x 4+ z)k and c is the boundary of the triangle whose vertices are
(0,0,2), (2,0,0), (2,2,0)?



i J
9 9 Ll

dx ady 0z
2y 3x? —(2x+z2)

. By Stoke’s Theorem A = 2y?i + 3x?j — (2x + z)k
i k
9

curlA=VxA =

=i(0—0)— j(-=2—-0) + k(6x —4y)
=2j + k(6x — 4y)
J.A-dr = [ (curl A-n)ds

Since the surface is bounded by triangle with z-axis is 0. So surface lies
In xy-plane.

oM=K



ff(curl/T -)ds = ff(6x — 4y)dxdy

= fz f ,(6x —4y)dxdy

fz ,[6xy — 292 ¥ dx . st

2,2)

= Jy

=fx=04x2dx=§[x 12 =32/3
(0,00 vy=0 (2,0)

2.Evaluate (e*dx + 2ydy — dz)where c is the curve x* + y* =

9and z = 27
Sol By Stoke’s theorem
$(Vx F).nds = $F -dr



i j  k
_ d d 0
VXF = N
dx dy 0z
et 2y -1 B B
=i(0 —0)—j(0 —0)+ k(0O —0)=0
LPF-dr=0
c
3. Verify stokes theorem for F = —y3i + x3j where s is the circular disc
x‘?+y4<1,z=07?

Sol leen F = —y3i + x3j the boundary c of s is a circle in xy —plane.
x% + y? = 1,z =0 use the parametric coordinates x = cos 8,y = sin 8,

z=0,0<60<2m, dx=-sinfdf, dy = cos60 do



“$F-dr= [Fidx+F,dy+F;dz= [ —y3dx + x3dy
C C

C

= fzn( sin® O(—sin @) + cos30Hcosh) dO

rZT[

L;

(cos* @ + sin* 0)do

r27T(l — 2 sin? @ cos? 6)d@

C

rZTL'

.

rZTL'

JO

dg —1/2(}

r27T(Z sin@ cos 0)* d@

FZTC

do —1/2(

. sin® 26 do

(2r —0) — 1/4([;”(1 — cos40)do
1 1 2n

=21 + [——9 + —sin49]
4 16 0



=21 —2m/4 =6-=3
4 2

ik

_ 9 o8 o

VXE=15 o a2

y3 x3 0

= k(3x? + 3y?)
.'.{(VXF) -nds =3[ (x*+y*)k-nds

(k - n)ds = dxdy and R is the region on xy-plane.

S JJ (VX F)-nds=3 [f (x* + y*)dxdy
Putx=rcos¢,y=rsing

".dxdy =rdrd¢ where ris varying from0to 1, 0 <8 <2m.



. — — _ 2TT 1 2 AT
JOVXF)-nds=3) " _ r% - rdrdg =37

L.H.S=R.H.S
Hence theorem is verified.



