VECTOR DIFFERENTIATION

Vector function: Let s be the set of real numbers for scalar t € s, if there
exists a unique vector ]_f then j_r is said to be a vector function.

The vector function of a scalar variable ‘t’ denoted by ]_‘(t) which

can be expressed in terms of mutually orthogonal unit vectors i, j, k as

fO) =AOT+ 0] + 0k
Derivative of a vector function:

t-a t—a

as derivative of ]_f att=a and is denoted by (Z—f) or f(a)
t=a

,t#aand a €l exists then the limit is called

Properties:

If A and B are differentiable vector functions of a scalar
variable t, then

R N
i) E(AiB)_d_tidt B
.. d ——= dA —  — dB
iii) %(ZXE) =U;—tx§+ZX‘2—f
iv) Lgd) =LA+g4

—. d ,—
v) If cis any constant vector, then E(C) =0

Note: If f = f, ()i + £, ()] + fz(t)k then

d?z—.dfl —.df2+ Ed_fg

dt dt J dt dt

Partial derivative:

If fisavector depending on more than one similar

variable then the partial derivative of f w.r.t x is defined as

at . flx+Ax,y,2)—f(x,y.z
—=11mf( v.z)—f (x,y.2)
ox Ax—0 Ax

af . fey+Ay,2)—f(xy,
of _ lim fy+Ay,z)—f(x,y.2)
9y  Ay-0 Ay

Similarly



Properties:

If ]_f and g are vector functions, @ is a scalar function of several
variables then

i) a(f 9 at_ff

i) 2(f9) = 2+5.2

i) a(fx_)=f><— +Zxg
iv) =—(of) =02 +atf

V) If f —fll +f2] +f3 then

d 0 5] 0
a—f =207 4 95 TR

Vector Differential Equation:
The vector differential operator V(del) is defined as
- 0
V=i—+ j— 3y 2+ k —
Gradient: Let @(x y, z) be a scalar point function then the vector function

—a_(a + ]_a—m + k — is called gradient of a function and is denoted by V@ or

grad@
Directional derivative:

Let @(x,y,z) be ascalar point function, the function
defined on the direction of a vector then the directional derivative can be
defined as V@.e

where e is the unit normal vector.

Unit normal vector:

If]_f =fii+ fo) + f3E then the unit normal vector
can be defined as

|~

e =

=Y



Problems

1. Findgrad® whene
i) ©0=x3+y3+3xyz at(1,1,-2)
i) @=x%y+y*x+z at(1,1,1)

Sol:i) Given @ = x3 + y3 + 3xyz

_ 730, 580 10
Grad®—16x+]ay+kaz

=i (x® +y° + 3xy2) +]_'%(x3 +y3 + 3xyz) +
Eaa—z (x3 + y3 + 3xyz)
= i(3x2 4 3yz) + j(3y? + 3x2) + k(3xy)

Grad@(1 1,2 = {(3(1%) + 3(1)(—2)) +(3(1) + 3(1)(-2)) +
k(3(1H(D)

=i3-6)+j(3—6)+3k
Gradg = —3i — 3j + 3k
ii) Given @ =x%y + y*x +z

_ 0, ;00 2
grad®—16x+]ay+kaz

= f:—x (x%y + y*x + z) +]% (x2y+y*x + z) + E% (x2y +
y2x + z)
= i(2xy + y2)+j(x% + 2xy) + k(1)
Grad@ . =i+ 1D +j2+1)+k
= 3i+3j+k
2. Find V@ ,where @ = log (x? + y%+2z?)
Sol: Given @ = log(x? + y? + z?2)

_00

_ 709 -09 709
V(D—lax+]ay+kaz

= f:—x (log(x? + y? + z2)+j(log(x? + y? + z2))+
k(log(x? + y? + z2))



=i Q0+

x2+y24z72

(2y) + k (2z)

2+ 2 2+ZZ

(2xi + 2yj + sz)

x2+y2+z2

3. Prove that V(r™) = nr" 27

Sol: Let T=xi+yj + zk

r=|7l = x2 +y? + 22
r=(x2+y>?+z%)"

diff w.r.t x partially we get

ar
ZrE = 2x
ar _x
ax T
.. ar _y 91____

Similarly, 3y —r'ar -

We have, vrt (r”) + ] — (r") + k — (r")
_ Tji n
=32 am
— V7 n—1 Qﬁ
=Yinr o2
=Yinrn1Z
=Yinrt2x
= nr" 2y xi

= n.r"2(xi + yj + zk)
n-27:

=n.r r

4. If a=x+y+z,b=x?+y?+2z%,c = xy + yz + zx then prove that
[grad a,grad b, grad c] =0

Sol: Given a=x+y+z  b=x?+y? + z? c=xy+yz+zx

grada=1i+j+ k grad b = 2xf+2yj_'+ZzE



c=Xxy+yz+zx

—(y+z)f+(z+x)]_'+(x+y)E

1 1 1

2x 2y 2z
y+z x+z x+2z

then [grada,gradb,grad c]=

1 1 1
=2 X y Z R3—)R3+R2
y+z x+z x+Yy
1 1 1
= X y z

x+y+z x+y+z x+y+z

1 1 1
X y z
1 1 1

=(x+y+2)

=0

5. Find the directional derivative of @ = x?yz + 4xz? at (1,-2,-1) in the
direction of a vector 2?-]_'-2E
Sol:  Given @ = x%yz + 4xz*
_ 790,799 , 399
GradQ—lax+]ay+kaz
= i(2xyz + 4z%) + j(x2z) + k(x%y + 8xz)

grad®q o1 = i(MWD(=2)(-1) +4(12) +j(1(-1) +
k((12)(-2) + 8(-1)(1))

=8i—j— 10k




_ 2i—j-2k _ 2i-j-2k

vo o3

The required directional derivative along the vector = V@.e

= (8i —j — 10k).(

2i—j—2k
)

6. Find the directional derivative of @ = xy + yz + zx at A in the
directional of AB where A(1,2,-1) and B(1,2,3)

Sol: Given @ = xy + yz + zx

The position vectors of A and Bw.r.t origin 0A =i + 2j — k and
OB = i+2j+3k

AB = OB — 0OA
= (i+2j+3k)— (i+2j—k)
= 4k

Let e be the unit normal vector

and also given @ = xy + yz + zx at A(1,2,-1)
grad® = f% +]_'% + E%
=i(y+2)+j(x+2)+k(x+7y)
grad®,_ 1y =iQ2-D+j(1—1) + k(1 +2)
V0 =i+ 3k
Directional derivative of @ atA in the direction of AB is V@.e

= (i+3k).k =3



7. Find the directional derivative of the function @ = xy? + yz3 atthe
point (2,-1,1) in the direction of the normal to the surface
xlogz —y*+4 =0 at(-1,2,1)

Sol:  Given @ = xy? + yz3

za(b
ox

=0 —0
Vo = +]£+ka—z

= (y2)i + 2xy + z3)j + 3yzd)k
VO 11 =1+ (2(2)(-1) + 13)j+BD(1))k
=i—-3j—3k

and also s=xlogz —y?%+4

< ds = 0s —0s
Vs = laﬁ-]aﬁ'ka

= logzi — 2yj + EF

(VS)(-121) = _4j —k

o=V _ —4j-k _ —4j-k _ —4j-k
Vs |-4j-k| V16+1 V17

Directional derivative of @ is VQ@.e

= (- 37 - 3%). ( ‘jz_f)

1243 _ 15
T V17 V17

Angle between two surfaces:

Let p be a point of intersection to the level surfaces f(x,y,z)=0,
s(x,y,z)=0 then the angle between the normal to the surfaces f(x,y,z)=0,
s(x,y,z)=0 at p is called the angle between surfaces at p.

Note:The vectors n; and n, are along the normal to the two surfaces at the

point p, then the angle between two sufaces is cosf = %
1 2



1. Find the angle between the surfaces x? + y*+z% = 9andz = x* +
y? — 3 at the point (2,-1,2)

Sol: Let @; = x?+ y?+z2—-9=0
@, = x2+y? -3 =0 betwo surfaces

00, a¢1 N ka¢1

V(Dl—l +]

= 2xi + 2yj — 2zk

(V1) (2-12) = 40— 2] + 4k

Vo, = L%+16®2+k6®2

=2xi+2yj —k

(V(Z)z)(z,—m) = 4i — 2]_' —k

then the unit normal vectors are

= V0 _ 4i-2j+4k __ 4i-2j+4k
L7 \veyl T VaZe2Z+a? V36
_ 4i-2j+4k
N 6
— _ V0, _ 42K _ 42K
27 Vo, T Vat+22412 \/_
PR
Let 6 be the angle between two surfaces then cosf = In_lllri_l
1 2

_4i-2j+4k 4i-2j-k

6 W21
_ 16+4-4
T 621
_ 16
T 621



2. Find the angle between the normal to the surface xy = z2 at the
points (4,1,2) and (3,3,-3)

Sol: Given® = xy —z% =

_ 799 709 799
V@—lax+]ay+kaz

VO = yi + xj — 2zk
M= (V)12 =i +4)j — 4k
n_z == (V@)(3’3,_3) = 3; + 3]_ + 6E

g

Angle between two surfaces is cosf = = 1]
1 2

(i+4j-4k) .(3i+3j+6k)
2442+ (—4)2V32 432462

_ 3+12-24
V33V54

-9
 V33v/54

3. Find the maximum value of the directional derivative of @ = 2x? —
y —z* at(2,-1,1)

Sol: Given @ = 2x%2—y —z*

_ 799 , 700 , 7700
V(Z)—lax+]ay+kaz
= 4xi —j — 423k

(VQ)(Z,—l,l) = 8i _j — 4k

Maximum value of the directional derivative value in |VQ|

=82+ (-1)2 + (-4)?

=9



Divergence of a vector:

If 7 is a continuously differentiable vector point function then
<= df . =Of
' ox +] ay

LT TN L
Vf—Lax+]ay+ kaz

+ EZ—Z is called the divergence of a vector j_f and it is denoted by

Note: If ]_f =fii+foj + fgz then

div f or V.7=?+aai;+%

X
Ifdivf =0 then f is said to be solenoidal vector.
1. Find divf where 7 = xi+yj + zk

mhmﬁ:%+%+%

=+ +5 @)
=1+1+1
=3
diV]_’ =3
2. Find divf ,where f = grad(x3 + y3 + z3 — 3xyz)
Sol: Given f = grad(x3+ y3 + z3 — 3xyz)
= f:—x(x:“ +y3 4+ 23 — 3xyz) +
]_'aa—y(x3 + y3 + 23 — 3xyz) +
E%(Jﬁ + y3 + 23 — 3xyz)
f=1(3x% = 3yz) + j(3y% — 3xz) + k(32z% — 3xy)

LT _Of 0h O
dlvf_6x+6y+6z

_ 0 (2.2 _ 9 (2y2 _ 9 (2,2 _
=— (3x* —3yz) + " 3y —3xz) + o (3z° — 3xy)
= 6x + 6y + 62

3. Show that 3y*z2i + z3x2j — 3x2y2k in solenoidal



Sol: Given f = 3y4zzf + z3x2]_' — SnyZE
div f = (3y4 2) +—- (z3x2) +; ( 3x2y?)
=0
div]_” =0
= j_f is said to be solenoid vector

4. Show that :;3 is solenoidal

Sol: Let T=xi+yj + zk

r=|7| =x2+y%+ 22

r? =x% 4 y? + 22

or _x Or _y 0or_z
then dx "oy  r oz
Given —3=r132+l3]_+:—3ﬁ
(=9 (x il) i(i)
dlv(r3)_ 0x (r3)+6y (r3 +az r3
d (x
=35 (%)
_ r3-3r2(*/r)x
_Z[ r6 ]
o r3-3x%r
= s

= %6 [r3 —3rx? + 73— 3ry? +r3 — 3rz?]
= %6 [3r3 = 3r(x% + y2 + z?)]

= %[37‘ — 3r3]

=0

T )
“3 s solenoidal



Curl of a vector:
If ]_f is continuously differentiable vector point function then

i X —+]X —+ kX —Z is called curl off and it is denoted by fo or

curlf
1ecurlf—LX—+]X—+kX or
Z ik
curlf = % aa_z
h 2 /s

If curl f=0 then f is said to be irrotational vector

If 7 is irrotational , there will exists a scalar function @(x, y, z)
such that, 7= grad® and this @ is called a scalar potential of 7

1. If f=xy?i 4 2x%yzj — 3yz%k find curl f at A(1,-1,1)

Sol: Given f=xyZ%i + 2x%yzj — 3yz%k

i j ok
—_la a o
curl f = % 3 5
h o /s

i j k

- 2 9 9

| ox ay 0z

xy? 2x%yz —3yz?

= i[5 (=3y2%) — £ (2x%y2)| - ] |3 (=3y2?) -
= ()| + k[ 2x2y2) = - ()|
= i(—32% — 2x2y) — 0 + k(4xyz — 2xy)

curlf ., _, .y = i(=3(12) = 2(12)(=1)) + k(4D (-D(1) —
2(D(-D)
i—2k



2. Prove thatcurlr =0

Sol: Let 7 = xi+yj + zk

i j k
curlf=|2 2 2
dox Jdy 0z
X vy z

=15 @ -2 0| -J[E@ -5 @]+
k3= 0) - 5 @)
0

~curlr =0
~ T isirrotational

3. Show that the vectors (x2 — yz)i + (y2? — zx)j + (z2 — xy)k is
irrotational and find its scalar potential

Sol: Let f =(x2 — yz)i + (y% — zx)j + (2% — xy)k

i j k
curl]_‘ = aa_x % %
x2—yz y*—zx z?—xy
=i(~x+x)—j(~y+y) +k(~z +2)
=0
~curlf =0

]_f is irrotational

If 7 is irrotational , there exists a scalar @ such that 7 =VQ
2 n 2 < 2 5, 300 , =Z00 700

(x vz)i + (y zx)j + (z xy)k = i +J 3 + k >

9 9 d
—®=X2—yz —®=y2—zx — =z%—xy

ox ay 0z

By total derivative formula,



o =Z—de+2—idy+g—fdz
= (x? —yz)dx + (y? — zx)dy + (z? — xy)dz

Integrate on both sides

[do = [(x* —yz)dx + [(y* — zx)dy + [ (2% — xy)dz

3 3 3
(Z)=x?—xyz+y?—xyz+%—xyz+c

1
0) =§(x3+y3+z3)—xyz+c
repeated terms are considered as single term

4. Find the constants a,b,c so that A = (x + 2y + az)i + (bx — 3y —
z)j + (4x + cy + 22)k is irrotational. Also find @ such that 4 = V@

Sol: Given 4 = (x 4+ 2y + az)i + (bx — 3y — 2)j + (4x + cy + 22)k

|c:) ~1
Q .|

k
curl 4 = 9
0z

dx ay
x+2y+az bx—3y—z 4x+cy+2z
=i(c+1)—jla—4) + k(- 2)
- given 4 is irrotational such that curlA=0
(c+ Di+(a—4)j+(b —2)k = 0i + 0j + 0k
>a=4,b=2,c=-1

fA=(+2y+42)i+ 2x -3y —2)j+ (4x —y + 22)k

then A =V0Q
n i 7_700  —-00 7700
(x+2y+4z)t+(2x—3y—z)]+(4x—y+22)k—lax+]ay+kaz
0 _ 9 o _3y—y 9% _ 4 _
a—x+2y+4z,ay—2x 3y z,az—4x y+2z

dp = (x+2y+4z)dx+ (2x —3y —z)dy + (4x — y + 2z)dz
Integrate on both sides

[dD = [(x+2y+4z)dx+ [(2x — 3y —z)dy + [(4x — y + 2z)dz



2 2
=x?—3%+zz+2xy—yz+4xz+c

5. Prove that div(r X a) = 0 where a isa constant vector

Sol: let 7 =xi+yj +zk and @ = a;i + a,j + azk

i j k
rXa=|x y z
a; a; das

= Z(a3y — a,7) —]_'(agx —a,z) + E(azx —a,y)

92 4 s
6y+62

v Xa) = &
div(r X a) = ~ T
d ] d
= e (azy —azz) + % (—(a3x - alz)) T3, (ax —ayy)
=0
6. Show thatif f is conservative then f is irrotational ?

Sol: The def of conservative vector function there exists a scalar
function @ such that f = V@

Curl]_f =VX (VD)

i j ok
9 9 9
= lox o9y oz
00 99 o
dx Jdy 0z
s (0%0  0°¢ < (0%0  9%°¢ (0% 9%
= (550 = 502) 1 (s~ 522) + * (525 ~ 7227
0yoz dyoz 0x0z  0x0z dx0y 0x0y
=0

]_f is irrotational



Vector identities:

1. Let ]_” , @ be differentiable vector and scalar functions respectively

then V.(0f) = (V0).7 + 8(V. )
Sol: Given V.(@f) = Zf.;—x(Q)j_f)
=22.(%.7+®%)
=3 (i.2) 7+2(i.g®)
=210 7+x(i2)0
=VQ.f + (V.f)D
2. Prove that curl(@f) = V@ X f + 8(V X f)
Sol: curl(®f) =V X (8f)
=Xix 5.(97)
=YiX [%7+(Dg
=3ix2F7+3ix Lo
= (ix %)7%2(?)(%)@
=VOXf+ (VX
3. Prove that div(A X B) = B.curlA — A.curlB
Sol:  div(AXB)=V.(AXB)
= Yi-(AXB)
=22.(% XB+AX %)
=3i(2xB)-3i(2 xA)
=% (ix %)E—z(ix g)z



= ( curlZ).E — ( curlE). A
4. Prove that curl(ZX §) = AdivB — BdivA + (E. V)Z — (Z. V)E
Sol: curl(AXB)=YiX —(AXB)
=%ix (ZxB+4dx2)
- xix (S xB)-xix (247
=2[@B)Z- @255 +x2[((.2)a- @ HE
~ax(bx¢)=(ac)b—(ab)c
=3BDE-3(IL)B+3(ix Z)A-3@ DL
~ Z(E.Z.Z—i) A- (zi.‘;—i)§+z ({.g—i)Z— »(4iZ)B
= (BV)A— (V.A)B + (V.B)A— (A.V)B
= Adiv — BdivA + (B.V)A— (A.V)B
5. Prove that Vf X Vg is solenoidal
Sol: wkt div(AX B) = B.curlA — A.curlB
Let A=Vf and B = Vg
div(Vf —Vg) = Vg.curlVf —Vf.curlVg
=0-0
=0
~ curl(grad g) = 0 = curl(grad f)

6. Let @, be two scalar functions then div(@Ve) = 0VZ¢p + V@. Ve

Sol: we have Vgo—— +—]+a<pk

— %7 102271 0227%
@V(p—@axl+®ay1+®azk

0% = 2 (022) + £ (022) + (022

ox ay d 0z 0z



02 9 o9 0 02 o9 0
e Q)__|__ _(p+ e _._qo
axz ' ax” ay 0z2 0z 0z
02 oo 0 o9 0 o9 0
_@[ i "’]_|_[___‘P 99 29 99 29
6x2 0z2 dx 0x 0y 0y 0z 0z
= @V2p + V@. Vg

Second order differential operator:

The divergence of gradient of a function is called Laplacian
operator and is denoted by V2

2
Vi= —+—+ 67 is called Laplacian operator

If V2@ =0 then @ is called harmonic function
1. Prove that V2(r™) = n(n + 1)r"™ 2
Sol: Let 7=xi+yj + zk
2= x2 +y? + 72
or _x or _y or _z

then — == ,—==,—=
x r dy r 0z r

V(™) = 2 (M) + s () + s ()
=5 =™
=25 [0
=52 [nrm1.
=¥ [n.r"2.x]
= Y [xr"]
= Sn|x(n—2)rn=3 4 2]
=Yn [x(n 2)r"3% 4 ne 2]

=Y n[x*(n— 2)7‘”‘4 + 2]

=n((n—2)x%r"* + "2 + (n = 2)y?r"t + "2 4
(n—2)z2r"* + r"72)



Il
S

[3r" 2 + (n — 2)(x% + y? + z9)r" 4]
[3r""2 + (n — 2)r"*r?]
[3r""2 4+ (n— 2)r"7?]
=n(r"?)[3+n-2]
V2™ =n(n + Drt?

Il
S

Il
S

2. Prove thatV (V. ;) =27

-r-3
Sol: Let 7=xi+yj + zk
7"2 = xz + yZ + ZZ
ar x Or y or

zZ
then—z—,_z_ g _=z
ox r r

=) )+ 50

-5 -2
=L[r-Z4r-L4r-Z
=z 3r-ret 4yt + )
=3 -]
_r
-z
2
T
v(vD) =15 ()+i5 () + k5 ()
-if2
-i[3]



-2 <
=r—32xl

:;—s[xf+yj_'+zz]

3. Show that V@ is both solenoidal and irrotational if V2@ = 0

Sol: Given that VZ¢ = 0
div(VP) =0 = V0@ is solenoidal

curl(VQ) =V X VQ

i J k
g o9 0
=lox 9y oz
op 09 0
ox 3y oz
o  09°

< ( 9? 0] = ( 0%0 029 — [ 0%0 020
= (550 ~ ayme) =7 (o~ 502) * * (5~ 32)
dydz 0yodz 0xdz  0x0z oxdy  0xdy
=0

~ V@ is irrotational



